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Law of Tangent
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Trigonometric Identities

  222 2)( bababa 

       a b

   .

 1cossin 22 

 
     A B         

:

cot
1cscB

1csc
cotA

0

30

45

60

90

     A B       .  

      .  

:               

      .

 : 
cot

1csc
1csc

cot          

   .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


66

 1=22 cossin  .

  :   ),( roC    

PMO    :

r
xcos 

r
ysin

  :

222 ryx
     2r:

1)()( 22

2

2

2

2

2

2

r
y

r
x

r
r

r
y

r
x

sina
r
y cosa

r
x      :1cossin 22

     :
222222 csccot1,sectan1,1cossin

    :

1cot.tan,1sec.sin,1sec.cos

cos
sintan,

sin
coscot

sin
1csc,

cos
1sec,

tan
1cot

    22 sectan1 .

: :222 ryx

    2x:
22

2

2

2

2

2

2

)()(1
x
r

x
y

x
r

x
y

x
x

    sec
x
r tan

x
y :22 sectan1

y

x

r

X

Y

P

MO

http://www.abbyy.com/buy
http://www.abbyy.com/buy


67

 
        :

cos
1sec,

tan
1cot,csccot1 22

              

                

       .

             

       .   .  

         .

1:atan
sin1

cottancossin
2.   

:      :

tan
cos
sin

cos
cossin

cos
sin
cos

cos
sincossin

sin1
cottancossin

2

22

 2 :22222 tantancoscotsin.   

:

2

22

2
2

2
2

2

2
2

22222

tan1
1cossin

tan
cos
sincos

sin
cossin

tantancoscotsin

http://www.abbyy.com/buy
http://www.abbyy.com/buy


68

3: )sec1)(sin1( 22  cos.  

 :

1cos

)
cos

1cos(cos

)
cos

11(cos

)sec1)(sin1(

2

2

2
2

2
2

22

4 :   :2)cos(sin)cos(sin 22

:     .

212)cos(sin2cos2sin2
2coscossin2sincoscossin2sin

2)cos(sin)cos(sin

2222

2222

22

 5:.     

A
A

A
A

A csc2
sin

cos1
cos1

sin

A
AAA

A
A
A

AA
A

A
AAA

AA
AAA

A
A

A
A

csc2
sin

12
)cos1(sin

)cos1(2
)cos1sin(

cos22
)cos1(sin

cos211
)cos1sin(

cos21cossin
)cos1(sin
coscos21sin

sin
cos1

cos1
sin

22

22

6 :.     

A
A
A 2

2

2

tan
cot1
tan1

http://www.abbyy.com/buy
http://www.abbyy.com/buy


69

::

A
A
A

A
A

A

AA
A
A

AA
AA

22
2

2

2

2
2

2

2

22

22

tan)
cos
sin(

cos
sin

sin
1

cos
1

tan
csc
sec

csccot1
sectan1

 7:
sin

1
cos

1)tan)(cotcos(sin .

:  cottan   sin cos.

sin
1

cos
1

cossin
cos

cossin
sin

cossin
1)cos(sin

sin
1

cos
1

cossin
sincos)cos(sin

sin
1

cos
1

cos
sin

sin
cos)cos(sin

22

:
sin

1
cos

1)tan)(cotcos(sin

8:  yx
yx

yx cottan
sincos

)cos(.   

                                                                                                                          :

yxxy
x
x

y
y

yx
yx

yx
yx

yx
yxyx

yx
yx

cottantancot
cos
sin

sin
cos

sincos
sinsin

sincos
coscos

sincos
sinsincoscos

sincos
)cos(

 9: 
x

xxx
tan2

sintan
2

sin 2  .

::
2
cos1)

2
cos1(

2
sin 22 xxx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


70

x
xxx

x
xxx

tan2
sintan

2
cos1

tan2
sintan

2
sin 2

      
x
x

tan
tan:

x
xx

x

x
x
xx

x
xxxx

x
x

tan2
sintan

tan2

cos)
cos
sin(tan

tan2
costantan

2
cos1

tan
tan

 10:x
x

x
x

x sec2
sin1

cos
cos

sin1.   

:

x

x
xxxx

x
xx

x
xx

x
xx

xxx
xx

xx
x

x
x

x

sec2

sec2
cos

12
cos

2
)sin1(cos

)sin1(2
)sin1(cos

sin22
)sin1(cos

1sin21
)sin1(cos
cossinsin21

)sin1(cos
cos)sin1(

sin1
cos

cos
sin1

22

22

1-          :

08cos

1)1sec)
025cos

025sin) 2 cba

2-   sin :

2cot),coscot) ba
3-     :

x
x
xdc

x
xx
xxba

2cos
tan1
tan1)tan

2coscos1
2sinsin)

cos21
cottan
cottan)cos

tancot
csc)

2

2

2

http://www.abbyy.com/buy
http://www.abbyy.com/buy


71

 
Trigonometric Equations

  1cossin 22    

.  

     1cossin

   

     0sin21 22 sectan1     

 :

22 sectan10sin21

0

30

60

90

      22 sectan10sin21 

 22 sectan1    

 0sin21   

      :

:              

       .

          .

         .  

xo

yr

y

x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


72

 :   :0sin bxa

         .   

1:   01sin2 x   .  

: xsin  .

2
1sin1sin201sin2 xxx

         sin 

2
1    

6
.

62
1sin x

            

 sin 
2
1.

...,
6

4,
6

2,
6

x

      sin 
2
1.

...,
6

5,
6

3,
6

x

   
2
1sin x :   

ZkkxkxxA

A

A

6
2

6
2/

...,
6

5,
6

3,
6

...,
6

4,
6

2,
6

2

1

     :

ZkkxkxxA 22/

X

Y

62
1

1

O

X

Y

6

http://www.abbyy.com/buy
http://www.abbyy.com/buy


73

   :.....,3,2,1,0)1( nnx n

 2:  03sin2 x   .  

:
2
3sin3sin2 xx

     
2

,
2

           
2
3 .  

1sin1 x    sin 
2
3  .    

:   :0cos bxa

        .   

 1:  03cos2 x  .  

:  xcos  .

2
3cos3cos203cos2 xxx

  ,0 x     
2
3cos x   

  
66

coscos x

      

  
2
3cos.

...
6

4,
6

2,
6

...
6

4,
6

.2,
6

x

x

        :...,3,2,1,02 nnx

ZkkxkxxA
6

2
6

2/

6

6

y

x

 :   

http://www.abbyy.com/buy
http://www.abbyy.com/buy


74

      :

ZIkkxkxxA ,22/
 2: 02cos2 x  2,0.   

:

2
2cos

2cos2

02cos2

x

x

x

 
2
2

4
3cos     :

4
3x

     :ZkkxkxxA ,
4

32
4

32/

  2,0.  

4
5

4
32

4
3

4
32

2
1

1
0

xkx

xkx

k

k

3: :0tan bxa

       .   

1:03tan x  .

:  xtan  :3tan x

   )
2

,
2

(x    3tan x    
3

 06     3
3

tantan x.

...,
3

5,
3

3,
3

...,
3

4,
3

2,
3

x

x
3

3

X

Y

http://www.abbyy.com/buy
http://www.abbyy.com/buy


75

     :

ZkkkxxA ,
3

)12(
3

/

       :

ZkkxxA ,/
 2:  :

3
1tan x

:
63

1tan xx

   ZkkxxA ,
6

/

  3:     )
3

tan()
4

2(tan xx    2,0   

  .

:

12
7

43
2

)
3

(
4

2)
3

tan()
4

2tan(

kxkxx

xkxxx

  k                2,0

    .

12
19

12
7

12
7

12
7

2

1

1

0

x

x
kx k

k

      :      ZkkxxA ,
12
7/

http://www.abbyy.com/buy
http://www.abbyy.com/buy


76

 4: 0cot bxa

        .   

 1 :01cot x  .

 :

4
1cot

01cot

xx

x

       .

...,
4

5,
4

3,
4

...,
4

4,
4

2,
4

x

x

      .

...,
4

5,
4

3,
4

...,
4

4,
4

2,
4

2

1

A

A

      :

ZkkxxA

ZkkkxxA

/

,
4

)12(,
4

/

 2:xx cot3cot  .  

:Zkkxkxxkxxx ,
2

23cot3cot

       .  

3tan)05cos3) xbxa

http://www.abbyy.com/buy
http://www.abbyy.com/buy


77

    
      

  .       

.      :   

dxxcxbxa cossincossin 22 

abc ,,d  .

 1 : 01sin5sin6 2 xx .

 :  xsin  y:

3
1

12
4

12
15

2
1

12
6

12
15,

12
15

12425
)1)(6(4)5(4

0156

2

112,1

22

2

y

yyy

acb
yy

 :   

'3019
3
1sin

62
1sin

2

1

xyx

xyx

   
2
1sin x  

6
.  :    

Zk
kx

kx
A

6
)12(

6
2

    :...2,1,0
6

)1()1( nnxnx nn

d

http://www.abbyy.com/buy
http://www.abbyy.com/buy


78

    
3
1sin x       '3019.

    
3
1   0319 rad

120
13

Zk
kx

kx
A

120
13)12(

120
132

 2:  0sin2cos xx.   

:xx 2sin212cos  :   

01sinsin2
0sinsin21

2

2

xx
xx

    xy sin     .

101
2
112012

0)1)(12(012

2

1

2

yy

yyy

yyyy

     xy sin         

:   

1sin
2
1sin

2

1

yx

yx

   
2
1sin x» «   xsin 

  )
2
1(  

6
7x.

http://www.abbyy.com/buy
http://www.abbyy.com/buy


79

...,
6

76,
6

74,
6

72

...,
2

4,
2

2,
2

6
7

2
1sin

2
1sin

2

1

A

A

xx

xx
A

    :

...3,2,1,0,
6

72,
2

)1( nnxnxA n

 3:0sin2sin2 2 xx

 :

42
2sin

2sin2

02sin2

00sin
0)2sin2(sin

2

1

xx

x

x

xx
xx

 :    

...,
4

3,
4

2,
4

,
4

...,5,4,3,2,,0

2

1

A

A

      .

1 -
2

sin212cos 2 xx

2 -05cos2cos3 2 xx

3 -0cos3cossin)31(sin 22 xxxx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


80

    
         

        

   

          :

  ::          

yx
ayx

yx
ayx coscossinsin

 a    xy.     

    :

II.............y
I...sinysi

x
axn

  I     :

IIyx

Iayxyx

....

...
2

cos
2

sin2

  yx   II  I   .

I...
2

cos
2

sin2 ayx

  I  
2

sin2:

2
sin22

cos ayx

    :        

                                                  :1

2
sin2

1 a

http://www.abbyy.com/buy
http://www.abbyy.com/buy


81

     :1

2
sin4 2

2a

0
2

sin4

2
sin4

2
sin41

2
sin42

sin4

22

22

2

2

2
2

a

a

a

1:     .

2

1sinsin

yx

yx

:  1a
2

.             

 0
2

sin4 22a a    :

010210
4
2410)

2
2(41

0
4

sin410
2
2sin41

2

22

               .      ( )

                                               .1
2

cos
2

sin2 yxyx

2
yx  

42
yx:

2
,

42

4
cos

2
cos

2
1

2
cos

1
2

cos21
2

cos
2
22

1
2

cos
4

sin2

yxyx

yxyx

yxyx

yx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


82

22
22

22
2

........
2

.........
2

xxx

IIyx

Iyx

 x      y  :
0

2222
y

yy

    :      .   

ayx
yx

coscosayx
yx

sinsinayx
yx

cossin
 a    xy    .

                               :      
2

sin
2

cos 22 a

2:     .

IIyx
Iyx
.....1sinsin

.......

:   1a  .:       

2
sin

2
cos 22 a

:0
2

2cos
2

cos2

1
2

sin
2

sin 22

     :
2

sin
2

cos 22 a

10 a
   .     II    :     

)cos()cos(sinsin2 yxyxyx
 :1sinsin yx.

http://www.abbyy.com/buy
http://www.abbyy.com/buy


83

 :2)cos()cos( yxyx

 :yx:2cos)cos( yx

 : 1cos :21)cos(2)1()cos( yxyx

yxyx
yx

yxyx

0
0cos)cos(

1)cos(12)cos(

    x :xxxyx 2

2
,

2
yx

    :      :  

a
y
x
yx

a
y
x

yx

cos
cos

sin
sin

 a xy  .   

 3     :.

3
sin
sin

2

y
x

yx

 :                 :

                  

          .

13
13

sinysinx
sinysinx

 
2

sin
2

cos2sinsin yxyxyx 
2

cos
2

sin2sinsin yxyxyx

    .

13
13

2
cos

2
sin2

2
sin

2
cos2

yxyx

yxyx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


84

 
2

yx 
42

yx:
13
13

2
tan

4
cot yx

1
4

cot       .

13
13

2
tan yx

      :  15tan
13
13

oo 15
2

15tan
2

tan yxyx

6
30yx

312
4

6
4

62
2

6

2

x

x

yx

yx

 x      y  .

6

6
2

63

636

y

yy

yyx

:           :

ayx
yx

ayx
yx

cotcottantan
 a   xy  .   

    :    0cot442 aa

http://www.abbyy.com/buy
http://www.abbyy.com/buy


85

 4 : .      

32tantan
3

yx

yx

:   :
3

tan)tan( yx

        :

3
tantan1

tantan
tantan1

tantan)tan(

yx
yx
yx

yxyx

   yx tantan  )32(    :

3
tantan1
32

yx
     3.

.......II32tantan

.....I3.........ytantan
3tantan2tantan1

1
tantan1

2

yx

x
yxyx

yx

 xtan  II      I.

3
3tan03tan0)3(tan

03tan32tan

3tan)tan32(

tan32tan

2

2

yyyy

yy

yy

yx

   y x   I .

3
3

33
3
3tan33tan

3tantan

xx

yx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


86

3
23tan xx

 :         :  

ayx
yx

tantan
 a xy    .  

      1cos
1
11

a
a

 5:.      

0tantan
6

7

yx

yx

          .

yx
yxyx

cos.cos
sin.sintan.tan

:Iyxyxyx ........)cos()cos(
2
1sinsin

IIyxyxyx ........)cos()cos(
2
1coscos

      :
)]cos()[cos(

2
1

)]cos()[cos(
2
1

tan.tan
yxyx

yxyx
yx

 yx  I  .

6
7cos)cos(

6
7cos)cos(

tantan
yx

yx
yx

    II:

0

6
7cos)cos(

6
7cos)cos(

yx

yx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


87

        :0
6

7cos)cos( yx

 
2
3

6
7cos         :  

6
5

2
3)cos(

0
2
3)cos(

yxyx

yx

    :

xxx

x

IIyx

Iyx

,
12

12
6

122

6
752

...
6

7

...
6

5

 x   I  y  :

6

66
56
6

5
6

5
6

5
6

5

y

y

y

y

yyx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


88

 :  :       

a
y
x
yx

tan
tan

  :   1sin
1
11

a
a

 6:

II
y
x

Iyx

.....3
tan
tan

.....
2

      II         

              .

2
13
13

tantan
tantan

yx
yx

        .

)sin()sin(2

2
)sin(
)sin(2

coscos
)sin(

coscos
)sin(

yxyx

yx
yx

yx
yx
yx

yx

 
2

yx:

62
1)sin(

1
2

sin)sin(2

yxyx

yx

       :
6

:

2

6

yx

yx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


89

       :

312
4

6
4

6
32

26
2

.....II
2

.....I
6

x

x

x

yx

yx

 x  I   y  .

6

66
2

36636

y

y

yyyx

    .  

2
cos
sin

3)
1tantan

4)

x
x

yx
b

yx

yx
a

http://www.abbyy.com/buy
http://www.abbyy.com/buy


90

  

:    CBA           

:

c
C

b
B

a
A sinsinsin

       .

:     CBA     abc     

       .   

Cabbac

Baccab

Abccba

cos2

cos2

cos2

222

222

222

       .

  :   CBA      abc     

  .         

2
tan

2
tan

,

2
tan

2
tan

,

2
tan

2
tan

CB

CB

cb
cb

AC

AC

ac
ac

BA

BA

ba
ba

  :              

       .

 :              

     .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


91

  
   .

:  

yx
ayx

yx
ayx coscossinsin

 :

ayx
yx

coscosayx
yx

sinsinayx
yx

cossin

:  

a
y
x
yx

a
y
x

yx

cos
cos

sin
sin

:  

ayx
yx

axx
yx

cotcottantan

:  

ayx
yx

tantan

:  

a
y
x
yx

tan
tan

http://www.abbyy.com/buy
http://www.abbyy.com/buy


92

 
                    

.      
1-20A  cmb 10 cmc 7 a   :

cmdcmccmbcma 176.4)9.15)16)4.16)
2– fta 8 ,ftb 5 ftc 10 B  :

28)29)4.29)5.28) dcba
3– 48,22 AB fta 5  b  :

ftdftcftbfta 5.9)9)52.2)8)
4–  yarcx sec  :

IRdIRcIRbIRa )0)))
5–   )cos(secsec xxx:   

xdxc
x

bxa 2tan)cot)
tan

1)tan)

:     
1-  30A  ftc 8 ftb 5  a Csin.   
2-         cmacmb 8,5 cmc 10      

 A B   b   

3- ABC 
2
3

b
c

    30A        B C 

  .  
4-    A          

      30     
    km40   km60  

      

5-2cot   sin cos.  

http://www.abbyy.com/buy
http://www.abbyy.com/buy


93

6-  :    

3cos
4
1)06cos()06cos(cos))

2
45tan(

sin1
cos)

2
cot

2
tan

)cos(coscos1
)cos(coscos1)2csc2cottan)

tan
2cos1
2cos1)tan

2cos1
2sin) 2

fA
A

Ae

BA
BABA
BABAdAAAc

A
A
AbA

A
Aa

7-    :

2222

2
2

)sincossin2(cos)2sin24cos)

2cossin21)
15tan1

15tan2)

xxxxdxxc

ba

8- xxxx sin2cos2cossin2 2     

   .

9-     .

1cossin3cos)
1sin3cos)02cos4)

03tan4tan)0coscos)

2

242

xxxe
xxdc

xxbxxa

10-.       

1tantan
)cos()sin(

)

2
2coscos

1tantan
)

yx
yxyx

b
yx

yx
a

http://www.abbyy.com/buy
http://www.abbyy.com/buy


94

 
 

http://www.abbyy.com/buy
http://www.abbyy.com/buy


95

     

  .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


96

    
       

      

.

                
 .   

     :   

 Postulates:          
:   .

   Logical Reason :            
             

   .   

 Theorem:          .

:      (  )     .

:          .   
     )         (  

.

  
      :     .

  :                    
.     

 :          .    

:                  
     .

:         .        

  :          .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


97

  :         .     
                    

                   
  .            

         .

   
                 

              
  .    
                     

   .
          .

             :

        :            
.    

:             .

   :                 
       .

       : )  (.

:  .      

       :  .    

1–          .    

2–       

3–            

http://www.abbyy.com/buy
http://www.abbyy.com/buy


98

      
       

  

     :  .  

      .

  .             

   .

      
        .

1–                   

  .

 : p   O.   

2–                 

  .            

       :d  p 

 .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


99

3–                     

        :p  d.  

      
                  

   :

1 -        .

2 -                      

.

3 -                 

   .

    
          :

http://www.abbyy.com/buy
http://www.abbyy.com/buy


100

1–:           

              

      :   

P'P.

2–:            . 

  AB     P 'P.

3-:                 

 P 'P.

     

    

     

    

        .   

A

B

http://www.abbyy.com/buy
http://www.abbyy.com/buy


101

1– T R  p     RT p 

2–     p     p       

 

3–   AB  p    M K       

AB p 

4- AB , C  P       AB , C    'P

  P 'P    

http://www.abbyy.com/buy
http://www.abbyy.com/buy


102

    
     

:                 

  .

:                

      .

 
A  p  1d A .   

 A  1d    

         .

 :                     

  .

:  A   1d   p

  A 2d     

1d  p .

 
   1d 2d      

  p  1d   A    P    2d     

 

http://www.abbyy.com/buy
http://www.abbyy.com/buy


103

            

          .

 :                

.

:
 1d 2d   Q 

    P  

1d  A      

 2d       B  

       

1d 2d   Q .

 p Q    A  .

         

              2d 

  B               

       .

1–                       

      .

2–  E F  1L E    2L  F

   12 // LL.

3–  E F   p       E F

   Ep   F p 

http://www.abbyy.com/buy
http://www.abbyy.com/buy


104

      
        

         

    .

 

 XOY ''' YOX                  

.

 OX '' XO    OA '' AO  OY ''YO   

 OB ''BO  .

''OAOA    .  

   OAB ''' BAO   

       .   

 :        .     

 : XOY ''' YOX 

 ''// XOOX ''// YOOY 

         .OX 

'' XO      OA '' AO 

 .

   ''OAOA                'BB 'OO

  .'' ABAB    ''BAAB

  ''' BAO OAB    ''BAAB ''OAOA '' BOOB

 ''' BOAAOB

http://www.abbyy.com/buy
http://www.abbyy.com/buy


105

  
-          .

-                 

       180    .

     

:           

       .

 
1–                  

     

2–                

  .

3-    1d 2d  .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


106

     
         

             

          

.    

 
   d  p        p     

    d      p

   p Q            pQ

     )    ( d  

          1d 2d         

 

           .

 :              

  .

: d  p       

  p       1d     

 .         p

.

  p    d         

.

    p    d      p  

          p.

http://www.abbyy.com/buy
http://www.abbyy.com/buy


107

  :            

   .

    :p Q       

    d          

   p Q   O   

                d

             

             p Q

    d .

   : )(O               1d 2d    

      .

:   )(O   '
1d 2'd     

 1d 2d   P     

)(O    '
1d 2'd       

 1d 2d

 1d 2d   1'd 2'd .

1–  1d 2d               

  

2–   12 , 3    

p      p       

           

.

123

http://www.abbyy.com/buy
http://www.abbyy.com/buy


108

      
     P   

)(O           

 )(O    

 
       OYOX ,

   )(O  .

  p   OZ.    

      OA 'OA.   

        OX B   OY

  C  OZ  M.  

   :        (O)    

                  

(O) 

:  OX OY .  

     (O)   

    P     .P  

  OZ   . 

     OA 'OA   

  P     OX 

BOY C OZ 

M  .  

OX OY   'AA:

http://www.abbyy.com/buy
http://www.abbyy.com/buy


109

'

'

CACA

BABA

 ABC BCA'  .      BC M  

 .A 'A MA 'MA    :

'MAMA
  AMA MO        'AA   

  OZ .  

   B C    P Q   BC

   P Q .     x       

BC     x P Q.

 
1–  1d 2d            

2– L   P       L  

     P 

http://www.abbyy.com/buy
http://www.abbyy.com/buy


110

  
            

 

 
  1 2A         

   A    

             B 

 1d 2d     1 2  B  

  .

   1 2 A    

 1d 2d B    

        .   

 :                    

   .    

: 1 2A     

  p    .B )

  p (  1d 2d 

 12   1d 

2d   Q  .

   p Q      

1

2

1

2

http://www.abbyy.com/buy
http://www.abbyy.com/buy


111

 1d     1   

1d  p         

2d  2   

2d   Q .    

p Q        

   1d 2d   

  

     1d 2d   p Q   

    p Q   .

  E F   1L  E  2L

  F  1L 2L  

1

2

http://www.abbyy.com/buy
http://www.abbyy.com/buy


112

   

1-    

 Postulates:           

:   .

   Logical Reason :            

                 

   .  

 Theorem:             .

 :           (  ).

:              .  

                          

 (  )  .

  
      :     .

  :                     

.     

 :        .       

:                   

     .

 *:                  

.  

 *:                .

 *:                

  .        .

 :     )  ( .

 :  .      

 :              .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


113

 *    

 :        .  

     
 * 

 *

 * 

  *

        
 *

 *

  *

    
 *

  *

  *

     
              .

    
        .    

      
       .       

     
   P O          O

     

    
          

http://www.abbyy.com/buy
http://www.abbyy.com/buy


114

        .          

1– P  A B   A B  P 

  P :

a-  AB .b-   AB.

c– AB.d-    AB    AB.

2–    p  :

a-    p .

b -     p.  

c-     p.  

d -     p .

3–           

a-                               b -   

c-                                   d-  

4 -       

a-     p            

  p.     

b -    ' d    '   .

c-    '       '   .

d-                

.

5–  p     p              

 p .  

 )2)1)0) dcba

http://www.abbyy.com/buy
http://www.abbyy.com/buy


115

  .   
1–  E F       1L   E     2L 

 F   21 // LL

2–                        

3–     12 , LL 3L.      

         

     

4–  1P 2P     p        1P 2P  

 

5–      

a-      AD  

    

b-            

ABCD.  

c- FDE ˆ d - DFC 

C

http://www.abbyy.com/buy
http://www.abbyy.com/buy


116

 
  

http://www.abbyy.com/buy
http://www.abbyy.com/buy


117

http://www.abbyy.com/buy
http://www.abbyy.com/buy


118

Sequences
     

   .  

         

      naaaa ,,..., 32,1    . 

           .    

1a  na n-   .

 n2,...,8,6,4,2

 12,...,7,5,3,1 n

               n5,...,20,15,10,5

      n      :

...,3,2,1,5

...,3,2,1,12

...,3,2,1,2

nnc
nnb
nna

n

n

n

:                   

    .  

  }1{}{
n

nan.  

  
n

a
n

n

1)1(.  

          

   .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


119

                        

    .
n5

1,...,
15
1,

10
1,

5
1

1: 2nan 
n

bn
3   

:    na      nb

     .

...,
5
3,

4
3,1,

2
3,33

...,36,25,16,9,4,12

n
b

na

n

n

2 :,...8,4,2,1      n- .

 :  n-:     12n
na

3:   
1

2

n
nan   5  .

:  5 5,4,3,2,1n   5 
    .

6
25

15
5,5

5
16

14
4,4

4
9

13
3,3

3
4

12
2,2

2
1

11
1,1

1

2

5

2

4

2

3

2

2

1

2

an

an

an

an

an

n
nan

1 -   n .  

...,
7
1,

5
1,

3
1,1

...,7,5,3,1

2 -    
n

a
n

n
1)1(   6    .  

http://www.abbyy.com/buy
http://www.abbyy.com/buy


120

Arithmetic Sequence
          

              

    :  20,17,14,11,8,5

    

      

.        

      :  

:                     

  .

    )        Common difference(       d 

   d)   0d  (            

)  0d(     :  

03
3811

358
325

...,17,14,11,8,5,2

d
d
d
d

 0d .  

http://www.abbyy.com/buy
http://www.abbyy.com/buy


121

   .

04

4)12(16
4)8(12

4)4(8
404

440
...,20,16,12,8,4,0,4

d

d
d
d
d
d

 0d  .  

1 :  
2
3     2.

 :   
2
3

1a      2d        

  .

dadddaddadaadaa
daadaa
daadaa

aaa

3

...,,,

1123434

2323

1212

321

     naaaa ,...,,, 321:

...,
2

15,
2

11,
2
7,

2
3

...,)222
2
3(,)22

2
3(,)2

2
3(,

2
3

...,)3(,)2(,)(, 1111 dadadaa

2:        

b

a

(........16,8,4,2,1

(........,4,
2
7,3,

2
5,2,

2
3,1

http://www.abbyy.com/buy
http://www.abbyy.com/buy


122

a:         .

2
1

4
74

2
13

2
7

2
1

2
53

2
1

2
32

2
11

2
3

4,
2
7,3,

2
5,2,

2
3,1

d

dd

dd

                  
2
1    

  .

 b:

8816448224112
168421

dddd

           

 .

n-    
      a    d   n- 

     .

    .

...,,,
...,)325(,)225(,)25(,5

...,)2225(,)225(,)25(,5
...,)65(,)45(,)25(,5

257
...,11,9,7,5

321 aaa

d

  :...,)3(),2(),(, 1111 dadadaa

http://www.abbyy.com/buy
http://www.abbyy.com/buy


123

       :

n-  

naaaaa

dnadadadaa

........
.......

)1(........32

4321

   1,ad,n nadnaan )1(1 .  

 1 :30   ...,12,5,2  .

:

2012032
7292

7)130(2
)1(

?
30

7)2(5
2

3030

30

30

30

1

aa
a
a

dnaa

a
n
d
a n

 2:      .

2000,...,45,40,35

:  :

394
5

1970
51970

5302000
5302000

55352000
5)1(352000

)1(

?
2000

53540
35

1

1

n

n

n
n

n
n
n

dnaa

n
a
d
a

n

n

http://www.abbyy.com/buy
http://www.abbyy.com/buy


124

 3:     31a1010a     

d  .

:

3
927

9330
9330

)110(330
)1(

10

30
?
3

1

1

d
d

d
d

d
dnaa

n
a
d
a

n

n

   11,4 1ad 2a 3a .  

   
   11 ,, nnn aaa   ...,4,3,2n .

2
2

2])1([2]222[
]2[][]2[

][])2([

11
11

1111

1111

1111

nn
nnnn

nnn

nn

aaaaaa

adnadndaaa
ndadndandadnda

ndadnaaa

 1 :    7 23  :

:15
2

30
2
237

na

 2: x    .          

.

11

33,42,12
nnn aaa

xxx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


125

:      .

336,424,124
3)12(3,4)12(2,1)12(2
12,12

84544584
2

4542

2
45

2
331242

2
11

xx

xxxxxx

xxxxaaa nn
n

     ...4338,33,28,23

  :    – n  – m .    

             : ...)1(,...)1( dmaadnaa mn

  II        .   

mn
aad mn

  .  

d  na – n   ma – m .   

 3 :   27    47  .    

  9.    

47,,,,27,,,,

 :     .

  :

72027
5)15(27

)1(

5
4

20
59
2747

?
?
27

5
9
47

11

1

1

aa
a

dnaa

mn
aad

a
d
a
m
n
a

n

mn

m

n

http://www.abbyy.com/buy
http://www.abbyy.com/buy


126

  :     47,42,37,32,27,22,17,12,7

 :  na         

n
n a

b 1.    

 1: ...,10,8,6,4,2     2d  

  ...,
10
1,

8
1,

6
1,

4
1,

2
1.     

 2 : .        n–  .  

n
a

n

n
1

1,...,
4
1,

3
1,

2
1,1

 3:  
4
1

1a3d   

 .

:

...,
4
47,

4
35,

4
23,

4
11,

4
1

...,)3333
4
1(),333

4
1(,)33

4
1(,)3

4
1(,

4
1

       n - .

 :      1, nn aa,1na           

 ...,4,3,2n.

  
1

1,1

nn aa
 

1

1

na
  :

http://www.abbyy.com/buy
http://www.abbyy.com/buy


127

2
1

))((
1

2
))((

2

11
1

11

11

11

11

11

nn

nn

n

nn

nn

nn

n

aa
aa

a

aa
aa

aa
a

   :

11

11
1111

11

11

))((2)())((2

))((2
1

nn

nn
nnnnnn

nn

nn

n
n

aa
aaaaaaaa

aa
aa

a
a

:    28.   

:    
11

11 ))((2

nn

nn
n aa

aaa:

2.3
10
32

10
162

82
)82(2

na

1 -35           ....,12,5,2

2- 
4
5,1,

4
3           

.  

3 -   22216 , .   

4 - 
2
1,

2
84

110 aa  d   .

5 -       

..,12,6,6,3

...,
4

11,
2
5,

4
9,2

http://www.abbyy.com/buy
http://www.abbyy.com/buy


128

  
Geometric Sequences

           

        

     )   64

    (

     .  ...,48,24,12,6,3

       

  .        

       :

 :         q     

:...,3,2,1,1
1 nqaaq

a
a

nn
n

n

  q  1a              .

   .       

 1 :  ...,6,12,24,48,96         

  .

:     
1

2

a
aq

2
1

12
6

2
1

24
12

2
1

48
24

2
1

96
48

612244896

qqqq

   
2
1q   .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


129

    21a 3q2a3a4a.  

 1q.   

 1q .   

 1q   .

 2:    ...,100,300,900,2700          

      .      

3
1

27
9

2700
900
27001

q

a

 1q .    

n -  
 a q   n              

         .

  naaa ,...,, 21 :

n-                                                      

n

n

aaaaaa

aqaqaqaqaqa

.........

.........

54321

1432
1

1
1

2
11

1

3
1

2
134

3

4

2
1123

2

3

12
1

2

11

)( nn
nn

n

n qaqqaqaa
a
aq

qaqqaqaa
a
aq

qaqqaqaa
a
aq

qaa
a
aq

aa

......

http://www.abbyy.com/buy
http://www.abbyy.com/buy


130

  1n
n qaan-   .

 1:     .

 :...40,20,10,5

160
)32(5)2(5

)2(5

?
6

2
5
10

5

6

6
5

6

16
6

1
1

6
a

aa
a

qaa

a
n

q

a n
n

 2:   ...,2,4,8.  

:

256
1

2
122

2
2

2
8

2
18)

2
1(8)

2
1(8

8
8113

11

3

1112

11
11112

12

1

a

a

aqa n
n

2
1
8
12

q

a
n

  

abM

baM
M
b

a
M 2

     ab    

M   (Geometric Mean) ab .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


131

 3 :   12 ,3 .   

 :abM:   

663612312

3

MMb

a

 4:  32,,,,2    .

221616
2

32
232232

5
?
32
2

4444

4151
55

1

qqqq

qqqaa

n
q
a
a

n

1622

,822,422
3

4

3
14

2
3

2
13212

a
qaaaqaaaqaa

:     32,16,8,4,2

      na n- n   q     

  q   .

 5:x      .      

3
5

6
10,0106196

)1)(1()3(

1,3,1

22

22

xxxxxx

xxxbaM

xxx
bMa

1 -5       5    
16
5.

2 -      

...,4,2,0,2,4)...,
3
2,

3
2,

3
2,

3
2) ba

3 -    ...,
4
5,

2
5,5   .

4 -  3
4
3  .

5 -    27,?,?,?,
3
1 .   

http://www.abbyy.com/buy
http://www.abbyy.com/buy


132

 
    

     .

...,8,6,4,2   

      .

         :

10641102018161412108642

    n     n    

          100 

10000           .

     n  naaaa ...,,, 321   .
n

i
in aaaaa

1
321 ...

        .

               1

  n.                  

jkn ,, i .   

           :njik
n

j

n

i

n

k
2322212222

111

1:
7

1

1
i i

     .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


133

:

420
1089

7
1

6
1

5
1

4
1

3
1

2
1

1
117

1 ii

 2:       .

2...941b)
)1-2n(...7531a)

n

:
n

i
ina

1
)12()12(...7531)

n

i
i

1

22n...941b)

 3 :  .       

?)2(
4

ii
n

i

:

)2(...63483524
)2(...)27(7)26(6)25(5)24(4

nn
nn

 4 :  
1
110

7 n
n

n
  .

:

108
5132

3024
15396

3024
3696378038884032

9
11

8
10

7
9

6
8

110
110

19
19

18
18

17
17

1
110

7n n
n

http://www.abbyy.com/buy
http://www.abbyy.com/buy


134

   n            

   )( na     :

1
321 ......

i
in aaaaa

  i     .

1i
ia       (series)  .

 ,...321 aaa     na n-   .

                  

          n

 .  

 n   ......321
1

n
k

k aaaaa       

n-     . nS  :

1
321

3213

212

11

......
k

knn aaaaaS

aaaS
aaS

aS

5 :6s 8s.......321 n .   

 :

3687654321
21654321

8

6

S
S

http://www.abbyy.com/buy
http://www.abbyy.com/buy


135

 
1n

na 
1k

kb   c            

 :    

n

k
k

n

k

n

k
kkk

n

k

n

k
kk

n

k

baba

acca

ncccc

11 1

1 1

1

)(

...

 
1 -  .    

- a
6

1i
i- b

6

1 1
1

i i
- c

3

1

2 )34(
k

kk

2-     .

a(
20
19...

4
3

3
2

2
1bn (...941 2

cn ()12(...7531
3 -      .  

aii
n

i
()2(

4
bi

n

i
(23

1
ci

n

i
()52(

1

http://www.abbyy.com/buy
http://www.abbyy.com/buy


136

  n   

naaaa ,...,,, 321   

 naaaa ...321     

 

                  

      .  

      a  d  na    

       :

IIadadadadadaaS

IadadadadadaaS

nnnn

nnn

..........)()2(.....)3()2()(

.........)()2(...)3()2()(

 I II    .

IaanSaanS

aaaaaaaaaaaaaaS

nn

aan

nnnnnnn

n

.).........(
2

)(2

)()(...)()()()(2
)(

           

.   

1:           4,25 aan 

  8.

http://www.abbyy.com/buy
http://www.abbyy.com/buy


137

 ::    

116)29(4)254(
4
8

)(
2 1

SS

aanS n

8
25

4

n
a
a

n

                   

         1    na      

 :

IIIdnanSdnaanS

dnaa

aanS

n

n

..........])1(2[
2

])1([
2

)1(

1)......(
2

111

1

1

 III     n   .

2:  201.     

])1(2[
2

...15117

1 dnanS

?

1

201
4
7

nS
n
d
a

81807

81807407201814
2

201)80014(
2

201)420014(
2

201

]4)1201(72[
2

201

S

SS

S

http://www.abbyy.com/buy
http://www.abbyy.com/buy


138

           -n     

  .   

 3:  ...8642        n      

                     .

:

)1(

)22(
2

]224[
2

]2)1(22[
2

])1(2[
2

224
...8642

nnS

nnnnS

nnS

dnanS

d

n

n

n

n

?

2
2

nS

d
a

4: 200  ...42.  

:

40200
)201(200

)1200(200
)1200(200

?
200
2
2

200

200

200

200 S
S
S
S

S
n
d
a

      .    

http://www.abbyy.com/buy
http://www.abbyy.com/buy


139

1 - n-       .     

...,2,1,0,1,2)
...,13,9,5,1)

...,4,2,0,2)

iii
ii
i

2 -    ,...11,8,5,2       .

108 )) SbSa

http://www.abbyy.com/buy
http://www.abbyy.com/buy


140

  n 
             

        

.           

     

      a        q  

   

 q     .   

   n    .

     .

:               

  .              }{ nS  

 n nn aaaS ...21:   

01

1
1

)1(1

q

q
q
qaS

n

n

    :IqaqaqaaS n
n ............. 1

1
2

111

  I  q      II:

IIqaqaqaqaqS n
n .............. 1

3
1

2
11

 III :)1(11
nn

nn qaaqaqSS

1,
)1(

)1(
)1()1( 1

1 q
q
qa

SqaqS
n

n
n

n

    )  1-(:
1

)1(1

q
qaS

n

n

   n    .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


141

1:     21a   
2
1q.5   

 10.   

:

99609375.3
1024
4092

1
4

1024
1023

2
1

1024
1023

2

2
1

1024
11024

2

2
12

1024
11

2

2
11

)
2
1(1

2
1

)1(

8
1

16
12)

2
1(2)

2
1(2

2
1

4
12)

2
1(2

4
1)

8
1(21)

2
1(2

)
2
1(22)

2
1(2

?
2
1
2

10

10

10

101

415
5

13
3

42

14
4

0
1

1

S

SS
q
qaS

aa

aa

aa

S

q

a

n

n

2:     80

...,18,6,2
:     .  

4
3)3(381

)3(1801)3(80
13

]1)3[(280

1
)1(

80
?

3
2
6
2

4

n

q
qaS

S
n

q

a

nn

nn

n

n

1- ...,
9
2,

3
2,2  10 .  

2-  384,...,12,6,3   .  

3- ...,36,12,4      484  .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


142

  
                

     .

    )1( q           

    .         

Divergent series.

   1q      Convergent.

       

:  )
1
1(

1
1

q
qa

q
qaS

nn

 1q       n:

S
q

a
q

aaq
q

aaqS
111

  :   ...27931.  

: Sr 13

     :  

   n  )(nqn    )0( nq     

q
aS

1
q1 n

:   

q
a

q
aa

q
aqaS

q
aS

n

11
0

11
q1 n

http://www.abbyy.com/buy
http://www.abbyy.com/buy


143

    )1( q               

:    
q

aS
1

1:  ...
16
1

8
1

4
1

2
11.   

:   1,
2
1 aq  1

2
1

2
1q    

.

22
1
1

2
1
1

2
11

1
1

...
16
1

8
1

4
1

2
11

q
a

2:     271a     
3
1q   

.   

:  1
3
1

3
1q .  

5.40
2
81

2
327

3
2

27

3
13

27

3
11

27...
27
1

9
1

3
113927

1
...21 q

aaaa

3:  236.0              

  .  

:

...])
100

1(
100

11[
1000

23
10
6

...])
10000

1(
100

11[
1000

23
10
6

...
10000000

23
100000

23
1000

23
10
6

...0000023.000023.0023.06.0...6232323.0236.0

2

http://www.abbyy.com/buy
http://www.abbyy.com/buy


144

            1      

100
1   .

990
617236.0

990
617

990
23594

990
23

10
6

99
100

1000
23

10
6

100
99
1

1000
23

10
6

100
11

1
1000

23
10
6

100
99
1

100
1100

1

100
11

1
1 q

aS

4  :  3.0.          

::

...
10000

3
1000

3
100

3
10
3

...0003.0003.003.03.03333.03.0

     3.01
10
1

10
1 aq  .  

3
13.0

3
1

9
3

9
10

10
3

10
9
1

10
3

10
110

1
10
3

10
11

10
3

1 q
aS

http://www.abbyy.com/buy
http://www.abbyy.com/buy


145

1 -  .    

ii

i

(...
5
1

5
115

(...
3
1

3
1

3
11

2

32

2 -.         

24.0)5.0) ba

http://www.abbyy.com/buy
http://www.abbyy.com/buy


146

  

 :                

     naaaa ,...,,, 321      .1a  

   nan- .

:                  

 .

:      11 ,, nnn aaa  :

2
11 nn

n
aaa      .

:          q       

 .

n:     1n
n aqa

:     11 nnn aaa    

,...4,3,2n  :))(( 11 nnn aaa     .

  :

i
in aaaaa

1
321 ...

        Series.

 
n

k
kaaaa

1
321 ...      n  .

  n:   

)(
2

])1(2[
2 1 naandnanS

  n:  

1
1

)1(1 q
q
qaS

n

n

http://www.abbyy.com/buy
http://www.abbyy.com/buy


147

  

    1q  n        
q

a
1

  

                  
q

aaq
k

k

11

1   

.

 1q            n 

      :S

http://www.abbyy.com/buy
http://www.abbyy.com/buy


148

 

                    

 .  

1- n-  ,...
4
5,

3
4,

2
3,2  :

n
nd

cn
nc

n
nb

n
na 1))

2
3)1)

2- 
12
13

n
nann    

7
11:

6)5)4)3) dcba
3-   ,...3,1,5,9:   

38)35)38)35) dcba
4-    ,...3.1,1,7.0,4.0,1.0:   

2.0)3.0)1.0)3.0) dcba
5-      :,...6,12,24,48,96

3
2)

3
2)

2
1)

2
1) dcba

6-    .....,
16
5,

8
5,

4
5,

2
5,5:   

512
5)

512
3)

512
5)

512
3) dcba

7- n:       

1
1)

21
1)

q
qaSbqaSa

nn

)
1
1) d

q
qaSc

n

8-      q:   

)1||)1||)0) dqcqbqa

http://www.abbyy.com/buy
http://www.abbyy.com/buy


149

   .

1-         

2- 21 31  .  

31,,,21

3-        124   n  3720 

   

4- 100.      

,...11,9,7,5,3
5-     6  192   .  

6- 8    17       

.    

7-      .

...0001.0001.001.01.0

8-    9  
9
1      

.  

9-  3 96  4  .

96,,,,3

10-  8   ...
9
2

3
22.   

11- 4,3 ad   12n  .

12-           .     

57.3)8.2) ba

http://www.abbyy.com/buy
http://www.abbyy.com/buy


150

 

http://www.abbyy.com/buy
http://www.abbyy.com/buy


151

http://www.abbyy.com/buy
http://www.abbyy.com/buy


152

 
Exponential functions

 22 )(,)( xxfxxf

      x     

     xx xfxf 2)(,2)( 

     

a    1a xaxf )(      a.

xaxf
IRIRfRxIRa

)(
:}1{

xx xfxf 2)(,2)(  2.

   )ZI (   ZIx xxf 2)(.   

 xxf 2)( y     

 xxf 2)(        

  xx xfxf 2)(,2)(             

.    

      xxf )
2
1()(.  

     :

  xxf 2)(   ZIx.   

2x

2x

0
x

y

x

y

0

x2 x2

http://www.abbyy.com/buy
http://www.abbyy.com/buy


153

  xy 2 xy 2    y            
xy 2     xy 2.

 xy 2 :12a.

: xy 2    02a

  xy 2 xy 2 .

  xy 2

8421
2
1

4
1

8
1

3210123
y
x

 xy 2

8
1

4
1

2
11248

3210123
y
x

:   xxf 23)( .  

:       xxf 23)( 

2a                     

            x        y 

                   

.    

x

y xy 2xy 2

)1,0(

http://www.abbyy.com/buy
http://www.abbyy.com/buy


154

24
3

12635.1750.0375.0)(
210123

xf
x

    xaxf )(    yx ,  :  

axfxaf
yf
xfyxf

yfxfyxf

))(()(
)(
)()(

)()()(

  
            :

1 -             

.  

2 -          )injective(       21 xx

 )()( 21 xfxf

3 -   1a  1a.  

4 -     )0,1(.

5-  xx axfaxg )(,)(   y  .

x

y xy 23

http://www.abbyy.com/buy
http://www.abbyy.com/buy


155

6 -          xalog  .  
xay xy alog.   

.          

x

x

x

x

xfd

xfc

xfb
xfa

)4()()

)
2
1()()

3.2)()
3.2)()

http://www.abbyy.com/buy
http://www.abbyy.com/buy


156

Logarithm
         

:     

10000100010001.0001.00001.0(   )y

410310(   )xa

24( )x

310     

  )1 (    

          

       :

:                

     .

xyay a
x log

  a)    Base  (y        .    

                       

.

http://www.abbyy.com/buy
http://www.abbyy.com/buy


157

    10       :

310log001.0log 3
1010

  1,0 aa   .

:                )     (

.

31000log
38log

10

2

:

10001031000log

8238log
3

10

3
2

1 -    .

15log)

281log)

236log)

log)

5

9

6
1

10

d
c

b

xNa

2 -        .   

x

y

yf
ye

d
c
b
a

3)
2)

1010)
1000010)

322)
2564)

1

1

4

5

3

http://www.abbyy.com/buy
http://www.abbyy.com/buy


158

 
     

        

   

      .

1,0)(,: aaaxfRIRf x

    a     :

1,,log)(,: 11 aIRaxxfIRIRf a

:

yxaxxf
ayxf

a
y

x

log)(
)(

1

   xaxf )( xy alog    .   

10log
10

x
ax

http://www.abbyy.com/buy
http://www.abbyy.com/buy


159

  1aIRxx 21,:

2121 ,loglog xxxx aa.

1:  xy 3 xy 3log.   

: xy 3   .

931
3
1

9
1

21012

y

x

 xy 3log  :

1011

310
3
1

)1,
3
1(

13log
3
1log

3
1

)1,3(
3log

3
)0,1(

1log
1

1
33

33

y

x

yy

x

y
x

y
x

       xx 2,)
2
1(          

     2,1x.         

      :xalog  :  

1,0,,1log,0log1 aaIRaa
aa

x

y xy 3

xy 3log

http://www.abbyy.com/buy
http://www.abbyy.com/buy


160

2: xxf 3log)(   )3(,)9(,)3(,)1( 2 ffff    

.

:     x  :

01log)1(

23log)3(

23log)9(9log)(

13log)3(log)(

3

2
3

2

2
33

33

f

f
fxf

fxxf

3: 4log3 x  x  .

:     :

8134log 4
3 xxx

            :

  
1 -     .

2 -  01loga            

     10x              .

   )1.0 (.

3 -       )injective ( 21 xx 

)()( 21 xfxf.

4:  xxf 2log)(   ,16x.  

:   xxf 2log)(  x .

32log)
8
1(log)

8
1(log)(

42log16log)16(log)(

3
222

4
222

fxxf

fxxf

http://www.abbyy.com/buy
http://www.abbyy.com/buy


161

  xxf 2log)(   2,28x.  

1 -  xxf 2log)( )2(,)1(,)
32
1(,)32( ffff.   

2 -  xxf 3log)( )1(,)
81
1( ff.   

http://www.abbyy.com/buy
http://www.abbyy.com/buy


162

     
Common logarithm and Natural logarithm

  2 3  

      

      1          

       : 10e.

1- :    10    )Briggs

System( )Briggs  (.         

    log       :

xxfIRIRf xx loglog)(,log: 1010

 : 13210 10,10,10,1010.   

:

nyy

yy

yy

yy

yy

yy

nyn

y

y

y

y

y

101010log

1101010log

3101010log

2101010log

1101010log

0101010log

11

33

22

11

00

http://www.abbyy.com/buy
http://www.abbyy.com/buy


163

     x   :

2- :    e          Natural)

logarithms ( ln     .

xxxfIRIRf e lnlog)(,:
e                 82.71828182e    

x

x
)11( x          e  

 . e   .  xexf )(           

   xexExp )( .

  xey xay   xey     x

.

34.771.21
71.2
1

3.7
1

21012
xey

x

  xey   x.

3.7
1

7.2
1171.234.7

21012
xey

x

x

y

0

1

1
10

xy alog

3210123...log
10101010101010... 3210123

x
x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


164

       xey xey .

                   

.          xy ln:   

 :210321 ln,lnln,ln,ln,ln eeeeee.   

:   :xxy elogln

2ln

1ln

0ln

3ln

2ln

1ln

22

11

00

33

22

11

yeeye

yeeye

yeeye

yeeye

yeeye

yeeye

y

y

y

y

y

y

  xy ln:   

x

y xeyxey

x

y

2
1

1 e 2e
e
1

1

xy ln

http://www.abbyy.com/buy
http://www.abbyy.com/buy


165

7
1ln
e

y.   

0001.0log.   

    :

2

3
8

10
1log)01,0log)

1ln)log)

dc

e
bea e

http://www.abbyy.com/buy
http://www.abbyy.com/buy


166

 
Law of logarithm

        

     

   .   

   .   

        

      .

 :            I.

1log,1, aaIRa a

:aaIIRa 1}1{.

1log aa

:5515log 1
5

 : I     .  

1,}1{ 0aIIRa
:01loga

:1)5(01log 0
5

  :                    

.

:yxyx aaa loglog)(log

http://www.abbyy.com/buy
http://www.abbyy.com/buy


167

 ::   

IIay
Iax

q

p

..........
...........

 I II     :  qpqp aaayx

      pq  :

yxyx

qpyx

aaa

a

loglog)(log

)(log

 1 : 50.    

        :15log10log5log)105log(50log

 2:?8log2log 44

                                              :

2114log4log
)44(log)422log()82(log8log2log

44

4444

    .    

yxyx
yxyx

aaa

aaa

loglog)(log

loglog)(log

            :      

 :yx
y
x

aaa logloglog

:pax qay .  

qy
px

log
log

IIay
Iax

q

p

..........
...........

 I II    :   qp
y
xa

a
a

y
x

a
qp

q

p

)(log

http://www.abbyy.com/buy
http://www.abbyy.com/buy


168

 p q  .yx
y
x

aaa loglog)(log

1 :
2
5log     6900.05log,3010.02log.

 :3890.03010.06900.02log5log
2
5log

2 :)2(log)10(log 2 xyxy yy

:       :

15loglog5log

)5(log
2

10log)2(log)10(log
2

yyy

yyyy

y

y
xy

xyxyxy

:                

:xnx a
n

a loglog

:

xxxx

xxxxx

xn

aaa
n

a

a
n

a

alog

log...logloglog

)...(loglog

 :  xnx a
n

a loglog

    5:x
n

xx a
n

a
n

a log1)(loglog
1

1 :?625log

:7960.2)6990.0(45log45log625log 4

2:?9log 3
3

 :
3
21

3
23log

3
2)3(log3log9log 3

3
2

3
3 2

3
3

3

http://www.abbyy.com/buy
http://www.abbyy.com/buy


169

    :

?8log?)12.0(log 53

1 -                     

           .

?14log36log)?20log5log)

?)10(log)?)5(log)

12121010

2
10

2
4

dc
yxbxa

2 -                      

.       

?100log1000log)?log)(log)

?
80

125log)?
49
63log)

1010
22

7

dxaxc

ba

aa

3 -   :

3
1

210 )8(log))0001.0(log) ba

http://www.abbyy.com/buy
http://www.abbyy.com/buy


170

    
        

     

     

          ::  

m
b
m

b
a

a log
log
log

: ymblog    :ybm

   a:bymbm aa
y

aa loglogloglog

 y   :

m
b
m

b
bm

b
mm

bmm

b
a

b

b

ab

a

a
b

abb

log
log
log

log
log.log

log
loglog

logloglog

     b9log :

:?27log9 .  

::      
2
3

12
13

3log2
3log3

)3(log
)3(log

9log
27log27log

3

3
2

3

3
3

3

3
9

2:?75log3.   

:
3log

23log
3log

5log23log
3log

)53(log
3log

75log75log
5

5

5

55

5

2
5

5

5
3

   :                 

arithmCo log)clog  (:

McoM
M aaa loglog1log

http://www.abbyy.com/buy
http://www.abbyy.com/buy


171

 :?
32
1log2

:5152log502log1log32log1log
32
1log 2

5
22222

 :            :
a

M
M

a log
1log

   :x
aMlog

1:

I..........1log1log
log

1 x
MM

M

aaxx
a

  I   1   :

Ma
Ma

M

x
M

x
M

M

loglog

log1

    axMalog

   x:
a

M
M

a log
1log

1 :?5log125

:
6
1

5log6
1

5log2
1

125log2
15log

2
1)5(log5log

5
3

55
125

2
1

125125

 .    

?256log?2log 464

        :  :

x
n

x aan log1log

 : mxalog.      

n
m

n

n
n

mm
a

ax

axaxmx

)(

)(log

http://www.abbyy.com/buy
http://www.abbyy.com/buy


172

   :m
n

x
n
mx nn aa

1loglog

 m        :x
n

x aan log1log

      :

xxx
x

x
n
mx a

n
an

n
a

m
a nn loglog)3log1log)2loglog)1 1

.     

1:?125log25

:3
525 5log125log 2

   x
n
mx a

m
a n loglog :

2
31

2
35log

2
3

5

2 :?)27(log 2

3
1

3

:

181183log)3(63log

3
1

6)3(log)3(log)27(log 33
6

3

23

)3(

1
2

3
1

3
1

3
1

     .    

?4log)?6log) 3
83 ba

http://www.abbyy.com/buy
http://www.abbyy.com/buy


173

    
          10 e     

bxx aab logloglogab , x  ab ,        ea 

10b   :

10log
loglog 10

e

e x

                                                                 :10log.loglog 10 ee xx

xx
xx e

log.326,2ln
log.10logln

 eba 10 :
e
xx

10

10
10 log

loglog

xex
exxx e

ln.loglog
log.logloglog 1010

 :4343,0log10 e:
xx ln.4343,0log

 : ?69.4ln  .

 ::
5455.16712.03026.269.4ln

69.4log3026.269.4ln
log3026.2ln xx

 : 73,6log    9066,173.6ln.

::      

8280,09066,1.4343,073,6ln.4343,073,6log
ln.4343,6log xx

    .

235.0ln)
00927.0ln)672000ln)?14641log)

?4log)?27log)?3log)

121

89
4

3
1

g
fed

cba

http://www.abbyy.com/buy
http://www.abbyy.com/buy


174

  
 Characteristic and Mantissa
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Exponential and logarithm equations
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Addition and subtraction of Matrixes

          

  

1– 
 nmjiaA )( nmjibB )(   CBA   

   JiC   jia jib       

           jiC    

.   

nmijnmjijinmjinmjinmnmnm cbabaCBA )()()()(

 :

23

2323

31
21
44

)4(701
2012
2231

40
21
23

71
02
21

40
21
23

71
02
21

CBA

BA

2– 
        .

nmjiaA )(nmjibB )(        .

nm
CcbabaBA nmijnmjijinmjinmjinmnm )()()()(

 

    
13
12

A 
43
12

BBA.    

http://www.abbyy.com/buy
http://www.abbyy.com/buy


212

   
1-           .

ABBA
ABBA

2-     .   )()( CBACBA

3- )Identity Element   (       

 .AAA 00

1 :
106
452
321

A
652
030
5111

B  ?BA

  :              .

554
422
2110

615026
043502
5312111

652
030
5111

106
452
321

BA

      ABBA.

2 :  
60
43
21

A152
313

BBA BA.    

 :   A B        

  A 32  B  23.

 
    .      

101
431

,
31
02
11

),
11
22

,
11
22

)

110
013

,
014
321

)

BAcBAb

BAa

http://www.abbyy.com/buy
http://www.abbyy.com/buy


213

     
            

dc
ba

A  K 

          

 

 
ihg
fed
cba

A   K    KA   

.KA
ihg
fed
cba

A ,

 
50
05

B                

  .

       .     

 : )( jiaA   IRK    KA  

  C  jic   K jia  .)( jiji aKc

 : 
101
012

631
A2K   KA.  

  :

202
024

1262

212021
202122

262312

101
012

631
2AK

http://www.abbyy.com/buy
http://www.abbyy.com/buy


214

 (   )     
 A B        :

)()()()
)()

)()

AAAc
AAAb

BABAa

 :
93
63

,3,2 A   

)()()( AAA.

 :

5418
3618

279
189

2
3933
6333

2
93
63

32)(

5418
3618

6963
6636

93
63

6
93
63

)23()(

5418
3618

186
126

3
2923
2632

3
93
63

23)(

A

A

A

)()()( AAA

 

1–
11
02

,
01
01

,2 AB  1    3 

     .

2– 
100
210
115

A 3K AK A
K
1  .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


215

   
Multiplication of two Matrixes
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Transpose of a Matrix
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