
1

  

http://www.abbyy.com/buy
http://www.abbyy.com/buy


2

http://www.abbyy.com/buy
http://www.abbyy.com/buy


3

 
        )o  (            

        rrr ,
2

,
4

   .  

      

)11(
n

an )11(*

n
an   INn     

   :

  11
* ,aa     .

 2a2*a       1a1
*a 

        3a 3
*a  .

    nan ,*
na    .

     :

       n    na  1 

   *
na   1 :

 nan        
*
nan         .

            

     :

r

2
r

4
r

1*
3

*
2

*
1 aaa 123 aaa

http://www.abbyy.com/buy
http://www.abbyy.com/buy


4

:    n    . 

         :

)(...1)1()(...)1()(...)32( iii
n

cii
n

nbi
n

na n
nnn

:     n   :

1,
5
4,

4
3,

3
2,

2
1,0

,5,4,3,2,1

2,
7

17,
6

15,
5

13,
4

11,3,
2
7,5

,7,6,5,4,3,2,1

nn b

n

a

n

0,
5
1,

4
1,

3
1,

2
1,1

,5,4,3,2,1

nc

n

      n      

     an   )2(
nb  )1  ( nc

   .      n   

           

  )limit (.

n

na

n

nb

n

nc

http://www.abbyy.com/buy
http://www.abbyy.com/buy


5

   
n

nbn
1     :

...1110987654321n

...
11
10

10
9

9
8

8
7

7
6

6
5

5
4

4
3

3
2

2
10

nb

   I
n

II
n

n .......1,...,
4
1,

3
1,

2
1,.......1,...,

4
5,

3
4,

2
3,2 

)(.......2,...,6,4,2 IIIn             n  -

       I II   III  ) (

 .

  :        x      a        x

      a                x   a          )0(

          .

0|| ax   ax   ||:0 ax

      )ax(:           x       

   a  :

aaaaax ...,0001.0,001.0,01.0,1.0:

      )ax(:     x    

   a  :

aaaaax ...,0001.0,001.0,01.0,1.0:
  x  a     )  (:

),( axaxax

0 1
1b 3b 4b ...5b2b

2
1

http://www.abbyy.com/buy
http://www.abbyy.com/buy


6

: x   9      9x  .

:

9...,9999.8,999.8,99.8,9.8:
9...,0001.9,001.9,01.9,1.9:

x
x

:  )(xf      a    

)    a        (        x   a  )(xf       

l             )(xf     l     x   a    

  :lxf
ax

)(lim     ax
lxf )(

)0|)(|0|(|)(lim
|)(|||:00

lxfaxlxf
lxfax

ax

  xxf 2)(       x 3 )(xf

6 .

x

y

)(xfy

2
l

l
l

O a aa

http://www.abbyy.com/buy
http://www.abbyy.com/buy


7

 
             

    

   
1
1)(,1

2

x
xxfx    :

02.201.2001.2?999.199.198.1)(
02.101.1001.1?999.099.098.0

xf
x

    .

 x  )1( )(xf    

      :

  :   )(xf     a      1l          0 

 0   ),()(),( 11 llxfaax

1)(lim)(lim lxfxf
ax

ax
ax

  :  )(xf   a  2l   0    

0  ),()(),( 22 llxfaax

2)(lim)(lim lxfxf
ax

ax
ax

 )(xfax l:lxf
ax

)(lim :

)(lim)(lim xflxf
axax

http://www.abbyy.com/buy
http://www.abbyy.com/buy


8

:   6
3
9lim)(lim

2

33 x
xxf

xx
.

:        .

6
3
9lim

6........999.599.59.55.5)(
3........999.299.29.25.2

6
3
9lim

6........001.601.61.65.6)(
3........001.301.31.35.3

2

3

2

3

x
x

xf
x

x
x

xf
x

x

x

              

6
3
9lim

2

3 x
x

x
.

  :             0       0      

 :

|3||63|6
3

)3)(3(6
3
9|3|

|)(|||:00
2

xx
x

xx
x
xx

lxfax

                       

                     :

6
3
9lim

2

3 x
x

x
.

   
2

|2|)(
x
xxf 2x 

http://www.abbyy.com/buy
http://www.abbyy.com/buy


9

 )Properties of limit(
           

1x    

       :

x )2 ( 2)( xxf  

x 3 )3(xxxg 2)( .

)(lim)(lim
22

xgxf
xx

  .

)(lim)(lim
22

xgxf
xx

  .

)(lim)(lim
22

xgxf
xx

  .

      :

Axf
ax

)(lim Bxg
ax

)(lim:

0)(lim,)(lim)(lim)5

0)(lim,
)(lim

)(lim

)(
)(lim)4

)(lim)(lim)()(lim)3

)(lim)(lim)()(lim)2

)(lim)(lim)1

AxfAxfxf

Bxg
B
A

xg

xf

xg
xf

BAxgxfxgxf

BAxgxfxgxf

KAxfKxKf

ax

nn
ax

n
ax

ax
ax

ax
ax

axaxax

axaxax

axax

                                         

.

 :)(xax    

0)(lim x
ax

:

xxxx
xxx 1

2

1

2

1
limlim)(lim

http://www.abbyy.com/buy
http://www.abbyy.com/buy


10

1- bxf
ax

)(lim     )(xf    b  

  )(xax  :

bxfx
xbxf

ax
ax

)(lim0)(lim
)()(

2-)(x   ax            
)(

1lim
xax

    -

        .

3-        .

4-)(x   )(xu       

)(
)()(

xu
xxv    .

:
I( 9)( 2xx 3x  :0)9(lim 2

3
x

x

II( 
x

x
2
1)( x  .

0
2
1lim)(lim
x

x
xx

 :      .

3
10
30

1limlim

3lim4lim

1
34lim)3

16)4)(4()1(lim)1(lim)1(lim)2

71221limlim21lim2lim)12(lim)1

00

00

0

33

2

3

2

2

2

22

2

2

2

2

xx

xx

x

xxx

xxxxx

x

x

x
x

xxx

xxx

            :

1-                     )( 2xf 

)( 1xf :

)(lim)(lim)()(lim 2121 xfxfxfxf
axaxax

 :11)(lim bxf
ax22)(lim bxf

ax
   :

)()()()()(
.....)(

.....)(

)()(lim

2121221121
222

111

2121

bbbbxfxf
IIbxf

Ibxf

bbxfxf
ax

http://www.abbyy.com/buy
http://www.abbyy.com/buy


11

  )21(                              

             .

)(lim)(lim)()(lim 212121 xfxfbbxfxf
axaxax

2-            :

:

2112212121

221121
222

111

212121

)()(

))(()()(
)(
)(

)(lim)(lim)()(lim

bbbbxfxf

bbxfxf
bxf
bxf

bbxfxfxfxf
axaxax

  1   2                       

    :211221 bb    .

2121 )()(lim bbxfxf
ax

3-         :

0)(,
)(lim

)(lim

)(
)(lim 2

2

1 bxg
b
b

xg

xf

xg
xf

ax

ax
ax

:

22

11

22

11

)(
)(

)(
)(

b
b

xg
xf

bxg
bxf

      
2

1

b
b

  :

22

11

22

11

222

112

222

21212112

2

1

222

2112

122

2112

222

21211212

222

221112

2

1

22

11

2

1

)(
)(

)(
)(

)()()(
)(

)()(

)(
)()(

)(
)(

b
b

xg
xf

b
b

bb
bb

bb
bbbbb

b
b

bb
bb

xg
xf

bb
bb

bb
bbbbbb

bb
bbbb

b
b

b
b

b
b

xg
xf

http://www.abbyy.com/buy
http://www.abbyy.com/buy


12

  1   2               ax           

     :

2

1

)(lim

)(lim

)(
)(lim

b
b

xg

xf

xg
xf

ax

ax
ax

  :    )(,)( xfxg   )(xh     x      a  

)   ax()()()( xhxgxf     

)(lim)(lim xhbxf
axax

bxg
ax

)(lim.

: )(xu  )
2

1)(
4

1
22 xxux

( )(lim xu
ax

  

:    )
2

1(lim1)
4

1(lim
2

0

2

0

xx
xx

     1)(lim
0

xu
x

.

 :  )(xf   )(xg    )()( xgxf             

)(lim)(lim xgxf
axax

.

:   
65
415)(

x
xxf   

65
415)(

x
xxg          1x

)()( xgxf.

:

3
5

15
65
415lim)(lim

3
5

15
65
415lim)(lim

x
xxg

x
xxf

xx

xx

           

14
2lim)62lim)5

9)52(
75lim)4

4)29(lim)352lim)23526lim)1

2122

2

0

2

0

7

1

23

0

xx
xx

x
xx

x
xxxxxx

xxx

xxx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


13

 
                      

 12xy     2x .

1
12

x
xy     1x .

1
12

x
xy     x .

     :

-         .

-     
0
0,,,.0.....        

       :

I-
0
0:

 
1

1)( 2x
xxf 1x  .

)(xf  1x     

  1x       )(xf                

  .

    :

     
0
0      :

0

,
0
0

http://www.abbyy.com/buy
http://www.abbyy.com/buy


14

        ) (  

             .

  :     :

16
4lim)3,

2
86lim)2,

2
4lim)1

16

2

2

2

2 x
x

x
xx

x
x

xxx

:   :

0
0

22
4)2(

2
4lim)1

22

2 x
x

x

      
0
0                            

:

422)2(lim
)2(

)2)(2(lim
22

x
x

xx
xx

0
0

22
8122

2
86lim)2

22

2 x
xx

x

 :    
0
0  :242)4(lim

2
)4)(2(lim

22
x

x
xx

xx

0
0

16
4lim)3

16 x
x

x

:                 
0
0             

      .

8
1

4
1lim

)4)(16(
)16(lim

4
4

16
4lim

161616 xxx
x

x
x

x
x

xxx

?3
1

3
1

lim)5?
2

5
4

1
2

lim)4

?
2

4lim)3?
1

5
32

5

lim)2?
21

3lim)1

0

2

2

4213

x
x

x
x

x
x

x
x

x
x

x

xx

xxx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


15

II- 

             

142)( 34 xxxxf    x .

42)( 3 xxxg     x .

2
5

x
y     x .

 
)(
)(

xg
xf     0x .

  
)(
)(

xg
xf     x .

        :

:          :

                               

        .

 1:
23
1lim 2

2

x
x

x
  .

:  :
2
1

23
1lim 2

2

x
x

x

22
83lim 2

3

x
xx

x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


16

          x:

3
1

03
01

23

11

23

21
lim

23

1

lim
23
1lim

2

2

22

2

22

2

2

2

x

x

xx
x

xx
x

x
x

xxx

2:
2
2lim

2

x
x

x
  .

2
2

2
2lim

2

x
x

x

:                           x   -

.

0
1

0
01

21

21

2

21
lim

)21(

)21(
lim

2
2lim

2

2

2

2
2

2
2

2

xx

x

xx
x

x
x

x
x

xxx

3:
2

1lim 2x
x

x
  .

2
1

2
1lim 22x

x
x

:           x -

.

0
1
0

01
0

21

11

21

11

lim
2

1

lim
2
1lim

2

2

22

2

22

2

x

xx

xx
x

xx
x

x
x

xxx

:                       

:

http://www.abbyy.com/buy
http://www.abbyy.com/buy


17

 
n

nn
m

mm

bxbxb
axaxaxf

...
...)( 1

10

1
10    x   

)(x:

1 - nm      
0

0

b
a.

2 - nm      .

3 -nm    .

4 :        .

1
23lim)3

165
68lim)2

32
165lim)1

2

43

23

24

342

x
x

xxx
xxx

xx
xxxx

xxx

:

1 -   nm :66lim
32

165lim 4

4

24

342

x
x

xx
xxxx

xx

2-  nm   :0
165

68lim 43

23

xxx
xxx

x

3-  nm  :
1
23lim

2

x
x

x

           .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


18

     :

1
23lim)5

5
7lim)4

5
9lim)3

43
6lim)26lim)1

3

3

23

24

25

3

24

2

x
x

xx
xxx

xxx
xxx

xx
xxx

xx

x

xx

xx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


19

)( )0(

   

 1a .

  1x .

  1)( xxxf . x .

  )1)(12()( xxxf    x .

     :

       )( )0(        

                
0
0                  

   :

:    :

?)
32

1)(1(lim)2?)
1

108
1

9(lim)1 2121 xx
x

x
x

x xx

1:
0

18
0
9

11
1018

11
9)

1
108

1
9(lim 221 x

x
xx

   )(   :

2
1

1
1lim

)1)(1(
1lim

0
0

1
1lim

1
10899lim

11

2121

xxx
x

x
x

x
xx

xx

xx

3
42)9(lim

4
1

4
1lim

3
2

3

222

x
xx

x
x

x

x

x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


20

?)
32

1)(1(lim)2 21 xx
x

x

2:0
0
10

33
10)

321
1)(11()

32
1)(1(lim 221 xx

x
x

     )0(  :

4
1

3
1lim

)3)(1(
1lim

32
1lim

1121 xxx
x

xx
x

xxx

    .

)(lim)5

5
1)25(lim)4)8(lim)3

)
1

1
1

1(lim)2)1(lim)1

2

5

35

21

xax

x
xxx

xx
xx

x

xx

xx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


21

00 0,,1

   

 xxy    0x.

 xxy
1

)1(    x.

   00 0,1   .

       :

                                   

 0  :

)(ln)(lim))((lnlim))(limln())((lim )()()( xfxgxfxfxf
ax

xg

ax

xg

ax

xg

ax

:

I -n  n
n n

a )11(71828182.2e .

e
n

n

n
)11(lim

   :

718281828.2101101000000000
718280469.2000001.1000001.01000000
718268237.200001.100001.0100000
718145926.20001.10001.010000
716923932.2001.1001.01000
704813829.201.101.0100
59374246.21.11.010
48832.22.12.05
25.25.15.02

2211

)11(111

99

n

nnn
n

?)sin1(lim
1

0
x

x
x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


22

718281828.2)11(lim e
n

n

n
    ...71.2e       Euler 

.

II -   .

11lim)41)1(lim)3

)1(lim)2)1(lim)1

00

1

0

x
e

x
xLn

e
x

e

x

xx

x

xx

:   4    1 :

1ln)11(limln)1(limln

0,11,)1(limln

)1ln(lim)1ln(1lim)1ln(lim)3

)11(lim)1(lim

0,11

)1(lim)1(lim

0,

)1(lim)2

)11(lim)1(lim0,11)1

1

0

1

0

1

000

1

0

1

00

1

0

e
u

x

ux
x

u
u

xx

xx
xx

x

e
x

u

xu
x

u
u

x

uu

ux
u

x
x

u

e
x

e
x

x
x

x

u

u
x

x

x
x

x
xxx

x

x
u

u

u
u

u
u

x

x

x

x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


23

1
1
1

ln
1

)11(limln

1

0,11,
)1ln(lim

1

)1ln(1lim

1

)1ln(lim

1
)1ln(

1lim
)1ln(

lim1lim

)1ln(11)4

1

00

0

000

e
x

xy
y

x
x

y
yy

y

y
y

y
yy

y
x

e
yxyeey

x

x

y

yy

y

yy

x

x

xx

  1:       )()(lim xv

ax
xu     1      

     1u   :
)(lim1

1
1 )1(lim)1(lim)11(limlim

v

ax

v

ax

u
u

v

ax

v

ax

ax

uu

1u 1u 0  :

)1(lim,)(lim

)1(lim)(lim

)(

)1(lim
)1(lim1

0

)(

uvPexu

eexu

ax

Pxv

ax

Puv
uv

xv

ax
ax

ax

1: x

x x
)21(lim   .

:                  1  

   :

2)21(lim

2)121(lim,)21(lim

,21

ee
x

x
xPe

x

xv
x

u

Px

x

x

Px

x

2: 2
5

)11(lim
x

x x
   .

:     :1)11(lim 2
5x

x x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


24

     1     :

eee
x

x
x

x
x

x
xuvP

xv
x

u

e
x

P
x

x

xxxax

P
x

x

2
1

2
5

2
5

)11(lim

2
1

2
5lim)1(

2
5lim)111(

2
5lim)1(lim

2
5,11

)11(lim

 3:?)(coslim
1

0
x

x
x

:       :1)(coslim
1

0
x

x
x

       1     :

1)(coslim

0
2
01

1cos
sinlimsinlim

)1(cos
cossincoslim

)1(cos
1coscoscos

)1(cos
)1)(cos1(coslim1coslim)1(cos1lim)1(lim

)(coslim

1,cos

0
1

0

00

222

0

2

000

1

0

eex

x
x

x
x

xx
xxx

xx
xxx

xx
xx

x
xx

x
uvP

ex

x
vxu

Px
x

xx

x

xxxax

Px
x

    

x
x

n

n

x

x

x

x

x

x

nx
x

x
x

x

1

0

2
2

1

2

)2(coslim)5

)11(lim)4)
1
3(lim)3

ln
1lim)2)11(lim)1

2

http://www.abbyy.com/buy
http://www.abbyy.com/buy


25

 
Trigonometric functions Limit

             

   

 ),( roC   .

   C  CA  MB  .

 C    .

       .

       :

:               )1 (           

 .1sinlim
0

:                          MOACOA  OMA

   :

22
1

2
1 BMBMrBMOA OMA

2

2
1 r  

       :

22
1

2
1 ACACrACOA COA

O

M

C

AB
x

y

o

http://www.abbyy.com/buy
http://www.abbyy.com/buy


26

  COAMOA      OAM              

 2

2
r

  :

1limsinlimcoslim1sincos

cos
1

sin
1tansin

000

r
AC

r
BM

  1coslim
0

 11lim
0

     1sinlim
0

.

       )1( )1(  :

1limsinlim1lim

1sin1
1sin1

     :

0sinlim
01lim

01lim

                       

  .

1:
x

x
x

2sinlim
0

  .

: x2  
2

x 0x 0 .

 :
sin2

2

sin

    :

212sinlim2

2

sinlim2sinlim
000 x

x
x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


27

2:
x

x
x 7

2tan5lim
0

 .

:

7
10

2coslim
2

2sinlim

7
10

7
2tan5lim

2cos7
2

2sin10

2cos7
2

2sin25

2cos7
2sin5

7
2cos
2sin5

7
2tan5

0

0

0 x
x

x

x
x

x
x

x

xx
x

xx

xx
x

x
x
x

x
x

x

x

x

3:
x

x
x

2cos1lim
0

  .

:  xx 2sin22cos1 :

0012sinlimsinlim2

sin2lim2cos1lim

00

2

00

x
x

x
x

x
x

x

xx

xx

4:
x
x

x 5sin
3tanlim

0
  

:

5
3

1
1
1

5
3

5
5sinlim

3coslim
3

3sinlim

5
3

5
5sin5

3cos
3

3sin3

lim
5sin
3cos
3sin

lim
5sin
3tanlim

0

0

0

000

x
x
x

x
x

x
x

x
xx

x
x

xx

x
x
x

x
x

x

x

x

xxx

5 :20

6cos4coslim
x

xx
x

  .

:  
2

sin
2

sin2coscos :

x
x

x
x

x
xx
x

xxxx

xxx

x

sinlim
5

5sin5lim2)sin(5sin2lim

2
64sin

2
64sin2

lim

0020

20

http://www.abbyy.com/buy
http://www.abbyy.com/buy


28

 yx5    0x 0y   :

101110sinlimsinlim10
00 x

x
y

y
xy

    

)sin(coslim)91cos2coslim)8
14
1)tan(2lim)7

3cos5sinlim)6
3sin
2tanlim)5sinlim)4

tan1
1lim)3sinlim)2

6

)
6

sin(
lim)1

22

1020

000

20

2

00

xxxx
x

x

xx
x
x

x
xx

xx
x

x

x

xxx

xxx

xxx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


29

  
Continuity of Functions

  .

       

        :           

                                   

                                     

                       

           .

 xxxf 4)( 2  .

 )(xf  1x.

)(xf  1x          

    :

 )(xfy  ax      :

1 - a  )(xf .

2 -     a .

3 - )(af  )(xf  )()(lim afxf
ax

http://www.abbyy.com/buy
http://www.abbyy.com/buy


30

1:    12)( 2 xxxf  20x .

:      :

7)2()(lim
7142)2()3

7144)12(lim)2

)(2)1

22

2

2 fxf
f

xx

IRxfDom

x
x

              .

2:  
1
12)(

x
xxf   1x :

:   )(xf  }1{\IR 1     :

0
3

1
12lim)2

}1{\)()1

1 x
x

IRxfDom

x

 1x        1x .

3: 
2;3
2;12

)(
2

2

xx
xxx

xf   2x :

 :       :

)2()(lim)(lim)(lim
1)12(lim)(lim

1)3(lim)(lim

2222

22

2

22 fxfxfxf
xxxf

xxf

xxx
xx

xx

           

       .

x

y

http://www.abbyy.com/buy
http://www.abbyy.com/buy


31

4:  
1;1
1;12

)(
xx
xx

xf   1x .

:

)(lim)(lim
01lim)(lim

312lim)(lim

11
11

11 xfxf
xxf

xxf

xx
xx

xx

         .

:  )(xg ax  )(xf )(agx    ))(( xgf

 ax   :

))(limsin()(sinlim)4

))(lim(log)(loglim)3

lim)2

,))(lim())((lim)1

))(())(lim())((lim

)(lim)(

xfxf

xfxf

aa

IRxfxf

agfxgfxgf

axax

axaaax

xfxf

ax

axax

axax

ax

5:
3
9)(,3

2

x
xxfx   )(xf  3x 

:   )3(f     3x .

:  )(xf ax         

)(xf a    a  .   :

1 -  : f ax         

.

2 -  :    )   (  .

3 -   :                      

)    .(

http://www.abbyy.com/buy
http://www.abbyy.com/buy


32

1 -                               

    .

2 -               :

2;
3
9)()

2;3

0;)()

0;||)()3;|3|)()

3;
)3(

1)()2;
52

8)()

1;
)52(

3)()3;)2(5)()

2
3

32

2

2
72

x
x
xxfh

x

x
x

xx
xfg

x
x
xxgfxxxfe

x
x

xfdx
x

xxhc

x
xx

xxfbxxxxfa

http://www.abbyy.com/buy
http://www.abbyy.com/buy


33

  
    

 1)( 2xxf    .

  3)( xxg    .

 )()( xgxf .

       :

 )(xf )(xg cx        cx .

1.)()( xgxf 

2.)()( xgxf 

3.)()( xgxf 

4.0)(;
)(
)( xg

xg
xf .

1:3)( 2xxf 23)( 2 xxxg:

1 -f g1x   

2-  :

0)(,)()())((
)()())((

)()())((

xgxgxfxgf
xgxfxgf

xgxfxgf

http://www.abbyy.com/buy
http://www.abbyy.com/buy


34

 ())(()()( xgfxgxf.

 ())(()()( xgfxgxf1x   

:          .

4)31()1()3

4)3(lim)(lim)2

)()1

2

2

11

f

xxf

IRxDf

xx

 f 1x .

2)2131()1()3

22131)23(lim)(lim)2

)()1

2

22

11

g

xxxg

IRxgD

xx

   g  1x  .

2-         :

                    (

6)1)(())((lim
6)1)(132()1)(()3

6132lim))((lim)2
))(()1

132233))((

6)1()1()()(lim
6)23131()1()1()3

6)132(lim)()(lim)2

))()(()1

132233)()(

1

2

2

11

222

1

2

11

222

gfxgf
xxgf

xxxgf
IRxgfD

xxxxxxgf

gfxgxf
gf

xxxgxf

IRxgxfD

xxxxxxgxf

x

xx

x

xx

      1x .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


35

 (

8)1)(())((lim

8))((lim)3

86191131)()2
))(()1

693)23)(3()()(

1

1

234
)1(

23422

gfxgf

xgf
gf

IRxgfD
xxxxxxxxgxf

x

x

       1x .

2:   23)(,1)( xxgxxf       )()( xgxf  2x

 .

:

12)2)(()()(lim

1222)4(3)2)((

1222)4(3)]()([lim

))((
232323)23)(1()()(

3)2()(lim

31)2()3

3)1(lim)(lim)2

)()1

4)2()(lim

422323)2()3

422323)(lim)2

)()1

2

2

22

2

22

2

2

gfxgxf

gf

xgxf

IRxgfD
xxxxxxxxgxf

fxf

xf

xxf

IRxDf

gxg

xg

xxg

IRxDg

x

x

x

xx

x

x

       )()( xgxf .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


36

1-        .

4;
)2(
1)()3

1;
)2)(5(

3)()2

2;)1(2)()1

3

22

2

53

x
x

xxxh

x
xxxx

xxg

xxxxf

2 -   
x

xxf 23)( 0x .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


37

 
  :           x       a        

x        a           x a      )0 (

 .         :

0|| ax   ax   ||:0 ax

      )ax:(         x         

     a  :

aaaaax ...,0001.0,001.0,01.0,1.0:

      )ax:(          x     

    a  :

aaaaax ...,0001.0,001.0,01.0,1.0:
  x  a     )  (:

),( axaxax
 :  )(xf      a    

)    a        (       x  a )(xf     

  l              )(xf      l        x   a

    :lxf
ax

)(lim     ax
lxf )(

 : f g   LC , M  

Lxf
cx

)(lim Mxg
cx

)(lim  :

Lxfxf

xgM
M
L

xg

xf

xg
xf

MLxgxfxgxf

MLxgxfxgxf

MLxgxfxgxf

cxcx

cx

cx

cx

cxcxcx

cxcxcx

cxcxcx

)(lim)(lim)5

0)(,0,
)(lim

)(lim

)(
)(lim)4

)(lim)(lim))()((lim)3

)(lim)(lim))()((lim)2

)(lim)(lim))()((lim)1

http://www.abbyy.com/buy
http://www.abbyy.com/buy


38

 :)(xax     

0)(lim x
ax

.

  :     )(,)( xfxg   )(xh    x      a  

)   ax( )()()( xhxgxf     

)(lim)(lim xhbxf
axax

 bxg
ax

)(lim.

        
0
0            

   .

 
n

nn
m

mm

bxbxb
axaxaxf

...
...)( 1

10

1
10  x  :

1. nm     
0

0

b
a

2. nm     0

3. nm     

        ),(   )0(               

                       
0
0      

   .

      1                  

 )1(lim,)(lim
1

)( uvPexu
ax

Pxv

ax
 .

             )1(           

 :1sinlim
0

 )(xf ax  :

1. a   )(xf .

2.    .

3. )(af  )(xf :)()(lim afxf
ax

http://www.abbyy.com/buy
http://www.abbyy.com/buy


39

  
            

1 -
x

xx
x

sin3lim
0

a) 2 b) -2 c) 1 d) 3

2 -
2
6lim 2

2

2 xx
xx

x

1d)0c)
3
5b)

3
5-a)

3 -)3.02(lim
4,1

x
x

a) 1 b) 3 c) 0 d)  

4 -
x
x

x 2tan
3sinlim

0

3
2d)

2
3c)0b)1a)

5 -
2x

4xlim
4x

4d)2c)2b)2+2a)

6 -
x

x
x 2cos1

sin1lim
2

4d)
4
1c)

2
1b)1a)

7 -   

xx
x

bx
ax

xx
xx

xx
xx

xx
xx

x
x

xx
xxx

x

x
x

xx

xx

xx

xx

xx

xx

cos
cos1lim)10

tan
lim)9

103
23lim)8

23
42lim)7

103
185lim)6

1
23lim)5

43
6lim)4

7
6lim)3

3lim)2
12

52lim)1

2

00

2

2

2

3

2

2

3

2

2

3

2

2

12

2

3

http://www.abbyy.com/buy
http://www.abbyy.com/buy


40

)
1

1
1

1(lim)26
19
59lim)25

4
48lim)24

58
32lim)23

sin
1lim)22

)(8sin
)(3sinlim)21

2
1

22
2lim)20

3tan
2sin3sin2lim)19

3sin
2sinlim)18sinsin2sin2lim)17

sin3coscoslim)16
sin

tansincoslim)15

2212
lim)14

)tan()tan(
)sin()sin(lim)13

)
2

2
2
3(lim)12

2
103lim)11

214

2

2

2

2

2

10

20

02

2

0

2

2

020

2

2

2

0

222

2

2

xxx
xx

xx
x

xx
xx

x
x

u
u

xxx
x

xx
xx

xx
xx

x
xxx

xa
xxx

xx
xxx

x
x

x
x

xaxa
xaxa

xxx
x

xx
xx

xx

xx

xu

xx

xx

xx

xx

xx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


41

 

http://www.abbyy.com/buy
http://www.abbyy.com/buy


42

     )P. Fermat(

                   

         )I. Newton ( 

  )G.W.Leiniz( .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


43

Derivatives
1)( 2xxf     

   

  
  ),( 11 yxA ),( 22 yxB           

.

                             

 

            x 

         

                        

                            

                        

     .

 C     P1P      .

 1P1  P  .

?
1

)1()(lim
1 x

fxf
x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


44

   1P C     P       

1   

     :

   P 

  c     tan   

               

x.

1:  2)( xxfy  )1,1(P .

:       P   .     

                

.           PQ

    Q P  PQ 2

     :

001.201.21.25.23

002001.10201.121.125.24
001.101.11.15.12

12

12

xx
yym

y
x

PQ

     )1,1(P  h1   

h       0h     :

22 21)1()1( hhhhf

x

y

)1,1(P

)21,1( 2hhhQ

http://www.abbyy.com/buy
http://www.abbyy.com/buy


45

 )21,1( 2hhh       .               

)1,1(P)21,1( 2hhhQ    :

h
h

hh
h

hh
h

hhmpq 2)2(2
1)1(

121 2

    0h PQ         PQ  )1,1(P  

         :2)2(lim
0

h
h

PQ

                     2xy     

),( yxP    .     Q  ])(,[ 2hxhx        

PQ  P m     Tm  :

xhxm

hx
h

hxh
h

xhxhx
xhx
xhxm

hT 2)2(lim

222)(

0

222222

          )](,[ xfxP   )](,[ hxfhxQ           

               Newton     

:

h
xfhxf

xhx
xfhxf )()()()(

          :
h

xfhxfm
hT

)()(lim
0

2:  2)( xxxf  )0,2(P.

:  Newton   2x    :

3)3(lim)3(lim

3lim4lim42442lim

22)2()2(lim

)2()2(lim)()(lim

00

2

0

2

0

2

0

22

0

00

h
h

hh
h

hh
h

hhh
h

hhh
h

hh
h

fhf
h

xfhxfm

hh

hhh

h

hhT

http://www.abbyy.com/buy
http://www.abbyy.com/buy


46

    
                  

  :)(tfS

  
12

12 )()(
tt

tftf  1t   2t                  

0t            .

 0tt     :

t
S

tt
SS

tt
tftf

tttt
0

0

0

0

00

lim)()(lim

            :

12

12 )()(
tt

tftf
t
s

: 2)( xxfy   ]5,2[.

:21x52x       :

7
3
21

25
425

25
25

25
)2()5()()( 22

12

12

x
y

ff
xx

xfxf
x
y

1-          x  x  y y        
x
y 

       .

)1,2(,453)(,?)3

)3(,2)(,?)2

)0(,42)(,?)1

2

2

2

xxxf
x
y

xxxf
x
y

xxf
x
y

2 -   135)( 3 tttf   4,2

http://www.abbyy.com/buy
http://www.abbyy.com/buy


47

  
                 

    

  )(xfy     ba ,       x   x     

             .

    )
x
y (         .

       x        

 

           :

x
xfxxf

x
y

x
xfxxf

x
y

xxfxxfy
yxxfy

xxfyy
xfy

xx

)()(limlim

)()(
/)()(

)(
)(

)(

00

:                           

    :
x
y

x 0
lim)(' xf ',, y

dx
df

dx
dy  .

)('')(lim
0

xfy
dx

xdf
dx
dy

x
y

x

1: xxf 2)(     .

:       :

x
xfxxf

x

)()(lim
0

x xx

x

y

)(,)( xxfxxyy

y

x

y

),( yx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


48

2)('2lim)('

222lim2)(2lim)()(lim)('

0

000

xf
x
xxf

x
xxx

x
xxx

x
xfxxfxf

x

xxx

2: 3)( xxf .

:

222
22

0

33223

0

33

00

3)('0)0(33))()(33(lim

)()(33lim)(lim)()(lim)('

xxfxx
x

xxxxx
x

xxxxxxx
x

xxx
x

xfxxfxf

x

xxx

3: 0,)( xxxf  .

:  0x   :

:0x        :

x
xxx

x
xfxxfxf

xx 00
lim)()(lim)('

       :

x
xf

xxxxxxx
xxx

xxxx
xxxxxx

xx

x

2
1)('1lim

)(
lim

)(
))((lim

00

0

:0x
xxxx

1lim
0

  xy 0x 

                 x     

         

0x  )
2

1(
x

    

     .

        .

xxxfxxfxxxf 222 2)()32)()2)()1

x

y

0x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


49

  
            

.

  )(xf      ],[ ba        

 ))(,( 00 xfxP ))(,( 00 xxfxxQ     .

       P Q .

    x    

x
y 

HP
HQ   

  Q   P     )0( x              

      .

x
y  0x ))(,( 00 xfxP    .

       :

   )(xf    ))(,( 00 xfxP

       :

my
x
y

x
tantan'lim

0

:              

         x.

x

y

1P

1P

1P

1P

0P 0P 0P
0P

x

y

a b0x xx0

)(,)( 00 xxfxxQ
y

x H

http://www.abbyy.com/buy
http://www.abbyy.com/buy


50

1:          12)( 3xxf )1,1(A  

  .

: )('tan xfm    :

222

0

22

0

33223

0

3223

0

33

00

3

6])()(66[lim

])(266[lim121)(2)(662lim

])(33[2lim)12(1)(2lim)()(lim)('

12)(

xxxxx
x

xxxxx
x

xxxxxxx
x

xxxxxx
x

xxx
x

xfxxfxf

xxf

x

xx

xxx

    )1,1(A  :

6166)1(')(' 22xfxfm
    :

56)1(61
)( 11

xyxy
xxmyy

2:  12xy  20x   .

 :

4'
222'

2)](2[lim)](2[(lim

11)()(2lim)1(1)(lim'

0

000

0

0

2
0

2
0

2
0

0

2
0

2
0

0

my
xym

xxx
x

xxx
x

xxxxx
x

xxxy

xx

xx

3:2)( xxfy   0xx     20x.

xx
x
y

x
xxx

x
y

x
xxx

x
y

x
xxxxx

x
y

x
xxx

x
y

x
xfxxf

x
y

xx

0

0

2
0

2
0

2
0

2
0

2
0

2
0

00

0

2

)2(

)(2

)(2

)(

)()(

http://www.abbyy.com/buy
http://www.abbyy.com/buy


51

               :00000 2)2(limlim)(' xxx
x
yxf

xx
  

20x      422)2('f          20x         2)( xxfy

  4.      4  20x.

4: 3)( xxf .

:

2
0

2
0

2
000

2
0

2
0

2
0

2
0

32
0

2
0

3
0

32
0

2
0

3
0

3
0

3
0

00

3])(33[limlim)('

)()(33

)](33[

)()(33

)()(33

)(

)()(

xxxxx
x
yxf

xxxx
x
y

x
xxxxx

x
y

x
xxxxx

x
y

x
xxxxxxx

x
y

x
xxx

x
y

x
xfxxf

x
y

xx

   )(xf  0x  2
00 3)(' xxf.

5: 0x  
x

xf 1)( 

:

2
000

0

00
00

0000

00

00

00

00

00

00

0
0

0
0

0
0

00

1
)0(

1)('

)(
1limlim

)(
1

)(

)(

)(

)(
)(

11

)(1

1)(

1)(

)()(

xxx
xf

xxxx
y

xxxx
y

xxxx
x

x
y

x
xxx

x

x
y

x
xxx
xxx

x
y

xxx
xxxy

xxx
y

xf
xx

y

xx
yxf

x
xf

x
xfxxf

x
y

xx

  )(xf  0x  2
0

0
1)('
x

xf.

    x:

http://www.abbyy.com/buy
http://www.abbyy.com/buy


52

1 -    

x
xfxxf 2)()225)()1 2

2 -         

1,13)()2
2
1,4)()1 00

2 xxxfxxxf

http://www.abbyy.com/buy
http://www.abbyy.com/buy


53

 
       

 

1.    :

Cy)C  (    :

   x      

       .

       0x .

       :

 Cy              : 

         .

:

0'

0limlim
00

y
xx

y
x
CC

x
y

CCy
yCy
Cyy

Cy

xx

: 4)(xf100)(xf  .

:4100    :

0)('100)(
0)(')(
0)(')(

4

xfxf
xfxf
xfCxf

22)( xxf

http://www.abbyy.com/buy
http://www.abbyy.com/buy


54

2.   

nxy n  1n   .

     x                      

 .
    y          .

      0x .

       :

:

1

1111

12321

00

12321

00

12321

12321

'

...'

...)()()(limlim

]...)()()[(limlim

]...)()()[(
]...)()())[((

)(
)()(

1

n

nx

nnnn

nnnn

xx

nnnn

xx

nnnn

nnnn

nn

nn

n

nxy

xxxxy

xxxxxxxxx
x
y

x
xxxxxxxxxx

x
y

xxxxxxxxxxy
xxxxxxxxxxxxy

xxxy
yxxyxxyy

xy

n

1: 5)( xxf 
2
1x.

 :

16
5

16
15)

2
1(5)

2
1(

5)('5)()(

4

4155

f

xxfxxfxxf

   

103
2

822

10)()5)()4

)()3)()2)()1

xfxxf

xxtgttxxxf

http://www.abbyy.com/buy
http://www.abbyy.com/buy


55

3 .  

 uv   :

 vuy  

  vuyu  uv   v         y

      

                 x       

  0x .

       :

:

x
v

x
u

x
y

x
vu

x
y

vuy
vuvvuuy

yvvuuy
vvuuyy

vuy

xxx 000
limlimlim

 'lim
0

u
x
u

x
'lim

0
v

x
v

x
''' vuy

4 .  
 vuy ''' vuy.

    .

1: 12xy .

:   xu 2 1v:

0'
2'

221' 011

v
u

xxu

http://www.abbyy.com/buy
http://www.abbyy.com/buy


56

 :2'02')'1()'2('''' yyxyvuy

2:  534 2 xxy .

:   24,3 xuxv 5w  xuv 8',3' 0'w :

38'
)'5()'3()4('

''''
2

xy
xxy

wvuy

3:    .

6418)('
)'1()'6()'2()'6()('

1626)()3

1218)('
)'4()'12()'9()('

4129)()2

12'
)'7()'12('

712)1

2

23

23

2

2

xxxf
xxxxf

xxxxf

xxf
xxxf

xxxf

y
xy

xy

5 .  

  u v vu   vuy   .

  u uv v    .

     y x .

     0x.

      :

:

uvvuy
vvuuvy

x
vu

x
vu

x
uv

x
y

x
vu

x
vu

x
uv

x
vuuvvu

x
y

vuvuuvvuvuy
yvvuuyvvuuyy

vuy

xxxxx

'''
'0'''

limlimlimlimlim

))(())((

00000

1: )3( 23 xxy  .

:  vuy    uvvuy '''.

http://www.abbyy.com/buy
http://www.abbyy.com/buy


57

24424

322

23

2

23

95293'
)(2)3(3'

)3(
'''

2'3
3'

xxxxxy
xxxxy

xxy
uvvuy

xvxv
xuxu

2: 2)15( xy  .

:y      :

1050525525'
)15(5)15(5'

'''

5'15
5'15

)15)(15()15( 2

xxxy
xxy

uvvuy

vxv
uxu

xxxy

6.  

  u  v   
v
u 0v         

v
uy   :

u v    uv ,  
v
uy y .

 x   .

       0x .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


58

       :

:

2

0

00

00

'''

)(lim

limlim
)

)(
(limlim

)(
)(

)(

)(

v
uvvuy

vvv
x
vu

x
uv

vvv
x
vu

x
uv

x
y

vvv
x
vu

x
uv

x
vvv

vuuv

x
y

vvv
vuuvy

vvv
vuuvuvuv

v
u

vv
uuy

y
vv
uuy

vv
uuyy

v
uy

v

xx

xx

1 : 
x
xy

21
32  .

:     
v
u       :

22

2

2

)21(
7

)21(
6463

)21(
)]32(2[)21(3'

'''

2'21
3'32

xx
xx

x
xxy

v
uvvuy

v
uy

vxv
uxu

                   0x        

                                      

 .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


59

2: 
y

yyf
31

32)(
2

  0y .

:       :

9)0(
)01(

9)0(4)0(6)0(

)31(
946)('

)31(
96124

)31(
)]32(3[)31(4)('

3'31
4'32

2

2

2

2

2

22

2

2

2

f

f

y
yyyf

y
yyy

y
yyyyf

vyv
yuyu

3 :  
12

3)(
t

tf .

:    
v
u   

v
uy    :

22

2

)12(
6

)12(
)3(2)12(0)('

2'12
0'3

'''

tt
ttf

vtv
uu

v
uvvuy

v
uy

     

37)()853)()7

)()6
2

1)()5
21

)()4

)12()()3)3)(32()()2)2(
5
3)()1

25

2

2

2

xxfxxxf
dcx
baxxf

x
xf

t
ttf

xxfxxxgxxxf

http://www.abbyy.com/buy
http://www.abbyy.com/buy


60

7 -    :

xy    :

     x       

         0x.

        :

:

xxxy

xxyyxy

          :

x
y

xxxxx
y

xxxx
y

xxx
x

xxx
xxx

xxx
xxxxxxy

oxox

2
1

2
11limlim1

))((

1: )1()( 2xxxf  .

:    vu :

x
x

x
xx

x
xxxxx

x
xxf

xxx
x

xf

xvxv
x

uxu

2
15

2
41

2
)(412

2
1)('

2)1(
2

1)(

2'1
2

1

222

222

2

2

http://www.abbyy.com/buy
http://www.abbyy.com/buy


61

8-u:

  y   u  u   x  !    y u u  

 x 

 u  u       y .

       0x.

uuuy

uuyy

         :

uuu
uuuy

uuu
uuuuuuy ))((

    x      0x:

u
u

uu
uy

uuu
x
u

xuuu
u

x
y

uuu
u

x
y

uxxx

2
'''

lim1limlim
0000

2: ))(()( 2 xxxxh  .

:   vuyxy :

x
xx

x
xxxxxh

x
xxxxxxh

xx
x

xxxh

x
vxv

xuxxu

2
35

2
24)(

2
2)(

)(
2

1)12()('

2
1'

12'

222

2

2

2

http://www.abbyy.com/buy
http://www.abbyy.com/buy


62

3: )3)(1()( 3 xxxf  8x   .

:    vuy n uy :

)1(
3

3)(

)1(1)3(
3

1)(

13
3

11

3
3 2

3
3 2

3 2
3

x
x

xxf

xx
x

xf

vxv
x

uxu

      8x :
12
231

12
1118

83
38)8( 3

3 2
f

1-    

3)()33)()2
1

1)()1 23 xxfxxf
x

xf

2-xxxf 3)( 2 1)( xxg                   

     .0)(,)(,)( ggfgfgf

http://www.abbyy.com/buy
http://www.abbyy.com/buy


63

  ) (Chain Rule
                  

  .

y u u x  .

  y  u u x 

 
u
uyy 

   x 

              

     0x 

       :

         :

:
u
uyy

x
u

u
y

x
y

x
u

u
y

x
y

u
u

x
y

x
y

xux 000
limlimlim

 )(0
'lim uu

y
u
y

 )(0
'lim xx

u
x
u

:)()()( ''' xux uyy

      :

1 -nuy:'' 1 unuy n

x

dx
du

du
dy

dx
dy

f
)(xf

g
))(( xfg

x u y

http://www.abbyy.com/buy
http://www.abbyy.com/buy


64

2 -n uy :
n nun

uy
1

''

:     

323 32

322232

)2()52)4

2)3()31)2)12()1

xyxxy

xxyxyxy

:       :

22
'

'

)(
2

2

)()()(

2224

3524

2422
23

2

32

112
2

2

2'1
1)2

'''

)12(12)144(12
1248484)31212(

4)144(34)12(3'
3'

4'12

)12()1

x
x

x
xy

u
uyuy

xuxu
xy

uyy

xxxxx
xxxxxx

xxxxxyuyuy
xuxu

xy

x

xux

u

x

u

         :uvvuyvuy '''

3 232

2

1

2
)(

32

3 32

246

24646

24246

22224

22232

223322

2
)(

3

2
)(

22

322

)2(3
62'

''

62'
2

2)4

546014
54366248

)96(6248
)3(6)3(8

)3(622)3(2'
)3(22)3('

6'2

)2)(3(2'
)3(

2)3()3

xx
xxy

un
uyuy

xxu
xxu

xxy

xxx
xxxxx

xxxxx
xxxx

xxxxxy
xxxxy

xvxv

xxu
xu

xxy

n n
n

x

x

x

42
42'

'1

)(

2

32

)2(
62)2(3

2'
2

)2()5

x
xxxy

unuyuy

xu
xu
xy nn

x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


65

:
I.  f )( 0x   )(' 0xf    

))(,( 00 xfx   .

: 3)( xxf   10x  .

:10x 1)( 0xf )1,1(P   

     :

3)1('3)1(lim
1

)1)(1(lim

1
1lim

1
)1()(lim)()(lim)('

2

1

2

1

3

11
0

0

0

fxx
x

xxx
x
x

x
fxf

xx
xfxfxf

xx

xxxx

II. f 0xx    0x  

               

      .

: ||)( xxf  0x .

:          

   )     (   .

1lim||lim
0

)0()(lim)0('

1lim||lim
0

)0()(lim)0('

000

000

x
x

x
x

x
fxff

x
x

x
x

x
fxff

xxx

xxx

x

y

||)( xxf

http://www.abbyy.com/buy
http://www.abbyy.com/buy


66

    )0(')0(' ff      f    0x          

     .

     

32
3

4342322

2
1)613)5

1
1)4

)21()3)14()2)2()1

xx
yty

z
zy

xyxxyxy

http://www.abbyy.com/buy
http://www.abbyy.com/buy


67

  
      

      

1sin1 x  

xy sin              x                   

 xxx sin)sin(  

   
x
y      

 0x 

        :

1- xy sin:
:

xyxy

xy

xxyx

x
xx

x
y

x

x
xxxxx

xx
y

xxxxxxxxxy

xxxy
xxyy

xy

xxx

cos'sin

cos'

1cos)('

2

2sinlim)
2

cos(limlim

2sin)
2

cos(2
2

sin)
2

cos(21

2
sin

2
2cos2

2
sin

2
cos2

sin)sin(
)sin(

sin

000

x

y

o
2 3

1

1

http://www.abbyy.com/buy
http://www.abbyy.com/buy


68

uy sinu x  :uuyuuf cos''sin)(

1: xxfy 4sin)(  .

 :

xxfxxf
uuxfuxf
4cos4)(4sin)(

cos')(sin)(

uyuxf
uxu

xxf

u cos'sin)(
4'4

4sin)(

2:xxy csc3   .

:

xxxxx
xxxxx

x
x
xxxxf

xxxf

x
x

v
uvv

x
v

xuxu
x

xxxxf

csccotcsc3
csccotcsc3

sin
coscsc3)('

csc)(

sin
cos''

sin
1

3'
sin

1csc)(

32

32

3
2

2

3

22

23

33

    :

xyc
x
xybxya

sin1)
1
sin)5sin)

http://www.abbyy.com/buy
http://www.abbyy.com/buy


69

   cos x
      

xxfy cos)(   x     y 

 xxx cos)cos(  

          
x
y                       

0x .

         :

2-xy cos:
:

xyxy

xx

x
xx

x
y

xxxy

xxxxxxy

xxxy
xxyy

xy

xxx

sin'cos

1sin

2

2sinlim)
2

sin(limlim

2
sin

2
2sin2

2
sin

2
sin2

cos)cos(
)cos(

cos

000

x

y

o
2 2

3
2

5

1

1

http://www.abbyy.com/buy
http://www.abbyy.com/buy


70

     :

)cossin2(
sin1
1

2
1)'(cos

sin1cos

1cossin

2

2

22

xx
x

x

xx

xx

  xx cossin1 2:

xx

xx
x

sin)'(cos

)cossin2(
cos

1
2
1

 uy cosu x  :uuyuy sincos ''

1:     

xxxxfxxxxf cossin)()2cossin22sin)()1

: uvvuyvuy ''':

xxxxxxxf
xxxxxxxxxf

xxxxf

xyxxxf
xxxxxxxf

xxxxf

2cos1)]sinsin(cos[cos)'()('
]sin)'(coscos)'[(sin)'()'cos(sin)'()('

cossin)()2

2cos2')sin(cos2)('
sin2cos2sin2)(coscos)sin2()('

cossin22sin)()1

22

22

     

x
xxfxxf

xxfxxfxxxf

5cos3
2sin5)()5csc)()4

sec)()3sin)()2)2tan2(sec)()1
2

22

http://www.abbyy.com/buy
http://www.abbyy.com/buy


71

   tanx y
      

 xy tan    

           

      :

3-  xy tan:
:

x
x

y

xy
xx

xx
x

xxxx
x

xxxxxf

x
xxxf

x
2

2)(

22

22

22

''
'

sec
cos

1'

tan
cos

1
cos

sincos
cos

))(sinsin(coscos
cos

sin)(coscos)(sin)(

cos
sintan)(

     .

1:     .

xy 3tan
: nuy   '' 1 uuny n:

xxy
xy

xu
xu

22

3

2 sectan3'
tan

sec'
tan

y

x0
1

1
2

2

2
3

2
3

2

http://www.abbyy.com/buy
http://www.abbyy.com/buy


72

2: xxy cotsec .

:vuy  ''' vuvuy.

xvxv
xxuxu

xxy

2csc'cot
tansec'sec

cotsec

uvu ,,' 'v  ''' vuvuy  :

xxx

xx
x

xx

xxxxxy

seccscsec

seccsc
tan

1tansec

)csc(seccottansec'

2

2

2

    

xxxyd
x

yc

xxxybxxya

cotsectan)
tan

1)

tan)1()cottan) 22

http://www.abbyy.com/buy
http://www.abbyy.com/buy


73

      

  42 2xy 

 12 xyy      

    .

      :

                   )(xfy         0)(xfy

    )(xfy            x y   .  )(),( xfyyxF     

      0),( yxF     

25),( 22 yxyxF      0),( yxF    02522 yx   

2522 yx       :225 xy

  0),( yxF     )(xfy .

  )(xfy  x  y                 .   

   xy   :012 yxy          

  x    y            y   x

    :

12
'

)12('''20)'2(10)1()()(
01

2

222

2

xy
yy

xyyyxyyyyyyxyyxy
yxy

)(

)(
)( '

'
'

y

x
x f

f
y

http://www.abbyy.com/buy
http://www.abbyy.com/buy


74

     0),( yxf        

            .           

   :

)(

)(
)(

y

x
x f

f
y

1 :  y x  1sin
y
xy )1,( .

:  01sin,
'
'

'
)(

)(
)( y

xy
f
f

y
y

x
x  :

y
x

y
x

y
x

y
f
f

y

y
x

y
x

y
x

y
x

y
x

y
x

y
xyf

y
x

yy
x

y

y
xyf

y
xy

y

x
x

y

yyyy

xxxx

cos1

cos1

'
'

'

cos1cos10)'(cos1

)1()'(sin''

cos10cos10

)1()'(sin''

01sin

2
)(

)(
)(

22

)(

)(

 )(xy  x y   )1,('y :

1
1

)1(1
1

cos
1

1

cos
1
1

cos1

cos1

2

)1,(

y
x

y
x

y
x

yy

2:  232 32 xyyx .

2222
)(

)(
)(

2222
)(

)(

32

32

6
23

6
32

'
'

'

6006'

320302'
0232

232

yx
xy

yx
xy

f
f

f

yxyxf

xyxyf
xyyx
xyyx

y

x
x

y

x

    x)y (

    y)x (

http://www.abbyy.com/buy
http://www.abbyy.com/buy


75

3: 026 xyy 

16
2

16
2

'
'

'

16'

2'

55
)(

)(
)(

5
)(

)(

y
x

y
x

f
f

y

yf

xf

y

x
x

y

x

   :

16
2'

2')16(
02''6

0

5

5

5

26

y
xy

xyy
xyyy

xyy

 

                                 

   .

1:  122 yx )(" xy .

:

y
x

y
x

f
f

y

yyyxf

xxyxf
yx
yx

y

x
x

yyyy

xxxx

2
2

'
'

'

2020)'1()'()'('

2002)'1()'()'('
01

1

)(

)(
)(

22
)(

22
)(

22

22

  :
y
xy

y
x

y
x

yx
yx

f
f

y x
yyy

xxx

y

x
x )(22

22

)(

)(
)( 020

002
)1()()(
)1()()(

   
y
xy'  :

3)(33

22

22

'

2

'

)(
11)(

y
y

yy
xy

y

x
y
xy

y
xyy

y
xyyxy xx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


76

2:  0322 yxyx         

)1,1(   .

:   )1,1(                             )(' xy

   :

2)1(1)(

1
21
12

2
2

02,
2

2

2'

2'

11

)(

)(
)(

)(

)(

xyxyxxmyy
yx
yxy

yx
yx
yx

f
f

y

yxf
yxf

y

x
x

y

x

           :

yx
yxy

yxyyx
yxyyx
yyxyx

yyyxyx
yxyx

2
2'

2')2(
02')2(
0')2(2
0'2'2

0322

3:  xyyx 332 5 .

 :

222

3

222

3

)(

)(
)(

222
)(

33
)(

332

153
21

153
12

'
'

'

0153'

12102'
05

yyx
xy

yyx
xy

f
f

y

yyxf

xyxyf
xyyx

y

x
x

y

x

1.  5cossin xyyx

2.  323 yxyx  

3.  yxyx 4422  

http://www.abbyy.com/buy
http://www.abbyy.com/buy


77

  
     .

    .

 1232 34 xxxy  

      

      

        

       

       :

  )( xfy            )(' xfy         )(xfy   

    )(xfy ....          -n   )( xfy      )(
)(

)( n
x

n fy
  .

1:  143 23 xxxy   .

 :

6
66

463
143

2

23

y
xy

xxy
xxxy

2: 3

3
1 xy      .

:

2

22

3

3
3
3
1

xy

xxy

xy

xxf
xxf

cos)(
sin)(

x

y

3

3
1 xy

2' xy

http://www.abbyy.com/buy
http://www.abbyy.com/buy


78

3:xxy cossin  .      

    2y    2)( 22)9( yy

 : )9(y :

2)cos(sin2cos2sin2
coscossin2sinsincossin2cos

)cos(sin)sin(cos)(

sincos'

cossin)sin(cos'''

cossin)(cossin"

sincos)sin(cos'
cossin

2222

2222

2222)9(

)9(
)(

)(

)(

)(

xxxx
xxxxxxxx

xxxxyy

xxf

xxxxy
xxxxy

xxxxy
xxy

x

x

x

x

4:   13232 2356 xxxxy  .

:

3601440
360720

12180240
6126060

661512
13232

)5(

2)4(

23

34

245

2356

xy
xxy

xxy
xxxy

xxxxy
xxxxy

:      0...3
3

2
210)( n

n
nxn cxcxcxcxccf   

 n    :

nn
n

n
n

n
n

n
n

n
n

n

cncxnnnxf
xcnnnxccxf

xcnnxccxf
xncxcxccxf

cxcxcxcxccxf

!...)2)(1()(

)2)(1(...126)('''

)1(...62)("

...32)('

0...)(

3
43

2
32

12
321

3
3

2
210

    nk:0)(xf k

1-        .

xyxccxbxaxxcbay
xyxxxy

sin)4)3
)25()2234)1

332

334

http://www.abbyy.com/buy
http://www.abbyy.com/buy


79

 
-  ))(,( xfxP))(,( xxfxxQ         )(xf  .   

   Newton.

x
xfxxf

xxx
xfxxf )()()()(

-       :
x

xfxxfm
xT

)()(lim
0

-  :       0x  

     )(' xf
dx
dy  .

')(')()(limlim
00

yxf
x

xfxxf
x
y

xx

-    )(xf     )( 0x        )(' xf                 

))(,( 00 xfx.

-    )(xf  0xx         0x    

     .                         

  .

-  )(xf  C  ))(,( 00 xfxP    .

my
x
y

x
tantan'lim

0

-           .

-             .

-   f  ),( 00 rxrx    xx0       

                    f   

0xx .   :
x

xfxxf
x

)()(lim 00

0

http://www.abbyy.com/buy
http://www.abbyy.com/buy


80

 :

n n
n

nn

un
uxfuxf

u
uxfuxf

x
xfxxf

v
uvvuxfv

v
uxf

uvvuxfvuxf
vuxfvuxf

xnxfxxf
xfCxf

1

2

1

')(')()8

2
')(')()7

2
1)(')()6

'')('0,)()5

'')(')()4
'')(')()3

)(')()2
0)(')()1

  :)()()( ''' xux uyy

  :

uuyuyxyxy
uuyuyxyxy

sin''cos,sin'cos)2
cos''sin,cos'sin)1

   )(xfy                   n-         

:)()()( xfy nn

http://www.abbyy.com/buy
http://www.abbyy.com/buy


81

   
              .

1 -     xxxf 2)( )0,3(P   :

5)5)3)3) dcba
2 - 22)( xxf ]4,3[  :

32)14)14)18) dcba
3 - 12 32 xxy  :

xyd
x

xycxxybxya 4')34')
2
14')34') 2

2

4– 1)( xxf  :

12
1)

2
1)

12
1)0)

x
d

x
xc

x
ba

5–     xxxf 22)( 1x  :

xydycxybxya 5)5)3)25)

6 - 
4

2
x

xy  :

2)4(
8')

)4(
84')2')84')

x
yd

x
xycybxya

7– 32 )2( xy  :

))2(3'))2(3')2426') 22235 dxycxybxxxya

8– xy sin   :

xydxycxybxya cos')sin')cos')sin')

9– 5
1

4 )1( xy  :

5
6

25
6

23 )1(
5
1'))1(

5
4') xybxxya

)4') 3 dxyc

10– 
x

xy
cos1

cos  :

)
)cos1(

sin')
)cos1(

sin')
)cos1(

sin') 22 d
x
xyc

x
xyb

x
xya

http://www.abbyy.com/buy
http://www.abbyy.com/buy


82

    .

1 -  
x

xxf 2

2

tan1
tan2)( 

2 -  
xx

xxxxf
1

)(
2

 

3 -  )1)(1)(1)(1()( 42 xxxxxf 

4 -  )4)(1()( 33 xxxf 

5 -  xxxf cossin)(   
4

6 -  
x
xxxf

2sin1
)cos(sin)(

2

 

7 - xy cos 

8 - xxy 22 cossin 

9 -   322 yxyx 

http://www.abbyy.com/buy
http://www.abbyy.com/buy


83

 
  

http://www.abbyy.com/buy
http://www.abbyy.com/buy


84

http://www.abbyy.com/buy
http://www.abbyy.com/buy


85

  
       

 .

        :         

                ...         (.

           :

I-  

    :

      

    )1 (  )a,b(       01 , xx 2x     

 )2 (  .

xx

yy

1
a 1x 0x 0x 2x b

)(xf

)1( )2(

)(xf

' '
1

a 1x 0x 0x 2x b

x

y

0

h

l

)(xPy

http://www.abbyy.com/buy
http://www.abbyy.com/buy


86

  )1 ( )2 (         .

                               

 .

       .

      :

1 -    )(xf     ba,       ),( ba       

  0)(xf       .

2 -   )(xf    ba,        ),( ba     

 0)(xf        .

:            x  y   

            x  y .

1:     13)( 3 xxxf  .

:                       .

           0)(' xf               

   :

33)('
13)(

2

3

xxf
xxxf

                     x          

3        0)(' xf   .

2: 53)( 3 xxxf    

http://www.abbyy.com/buy
http://www.abbyy.com/buy


87

:    )(xf                   

0)(' xf:

1
33

033
0)('

033)(

2

2

2

x
x
x

xf
xxf

          11 x         

)1,1( .

3:  45xy   .

:           :

05)('
45)(

xf
xxf

IRD f

 0)(' xf    x  .

4:       2xy                      

   .

:          0'y         0'y    

  :

xyxy 2'2

0020' xxy  
0020' xxy  

x
0

y

y
y
x
'

2 1 0 1 2
0

4 1 10 4

http://www.abbyy.com/buy
http://www.abbyy.com/buy


88

          )0,(     ),0(

  .

1 -  baxy  

2 -  1
4
3 xy  

3 -   132)( 2 xxxf   

4 -  232 xxy  

http://www.abbyy.com/buy
http://www.abbyy.com/buy


89

 )Critical Point ( )Maximum  Minimum (
       

           

     )(xf ),( ba

:

        

           

    )c ,d ( )d , e (  .

 )(xf      

     :

                  )Maximum (        

  )Minimum (     x         

    )Critical Point( .

x

y

x

y

0 a c d e b

)(xf

http://www.abbyy.com/buy
http://www.abbyy.com/buy


90

1. :          .

2.  :                  ),( ba             

    :0'y   )1 ( )2(   .

3.  :                ),( ba       

   :0'y     .

1.  :       )(xfy          0x         

                       0x         

  0x   )maximum (.

2.  :    )(xfy          0x          

                        0x          

  0x   )minimum (.

3.  :            0x            

                          0x      

)Inflection Point( .

a a0x 0xb b
0'f 0'f0'f 0'f

)2()1(

http://www.abbyy.com/buy
http://www.abbyy.com/buy


91

1: xxxxf 2
2
7)( 23         

:     0)(xf   x   :

273' 2
)( xxf x

                       f        )
3
1(   )2(

     .    .

2:     
xx

xxf
2
1)( 2   .

 :           .

    
v
uy  :2

'''
v

uvvuy

22

2

22

2

2

)2(
22)('

)2(
)1)(22(2)('

2
1)(

xx
xxxf

xx
xxxxxf

xx
xxf

             .

73.0
2
122

2

73.2
2
122

2

124
0220)('

2

1

2

2

a
bx

a
bx

acb
xxxf

)(
)('

xf
xf

x

Min

3

15
2

73.2

0

1

0

73.0

0

Max

1

2

)(
)('

202
3
1013

0)(

2

1

xf
xf

x

xx

xx

xf

00

Max Min

3
1

2

2

1

54
17 2

http://www.abbyy.com/buy
http://www.abbyy.com/buy


92

      'f         1x 2x        

         .

    )Absolute Maximum & Minimum Points( :
                            

                              

 .

    :

     )(xf  

   )(xf  

         

           

       :

  )Absolute Maximum(:       ))(,( 00 xfx  

   .            )(xf   )(x)()( 0xfxf

 )( 0xf   .

x

y

0x 1x 2x 3x 4x 5x 6x 7x

)(xf

)(' 0xf
0)(' 0xf0x

0x 0x

)(' 0xf max 
0x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


93

  )Absolute Minimum(:       ))(,( 00 xfx  

 .     )(xf   )(x)()( 0xfxf  

)( 0xf       .                      -

    .

1:      
2
13

2
1)( 2 xxxf  :

 : )(xf         :

)
2
1(limlim3lim

2
1

)
2
13

2
1(lim)(lim

5)3(
3

03
0)('

3)('
2
13

2
1)(

2

2

2

xxx

xx

xx

xxxf

f
x
x

xf
xxf

xxxf

       3x     5-       )5,3 (     

.

)(
)('

xf
xf

x 3
0
5

Min

4

2
9

1 2

3
2

15

x

y

)5,3(

)(' 0xf
0)(' 0xf

)(' 0xf

0x
0x

0x

 
min  

0x

1x

     )(' 1xf

http://www.abbyy.com/buy
http://www.abbyy.com/buy


94

2:    23)( 3 xxxf        .

:                                  

      :

0)1(4)1(
4)1(,2)0(,0)1(

42232)2(
22030)0(

02312131)1(
42)1(3)1()1(

1,1
1

33
033

0)(
33)(

23)(

3

3

3
21

2

2

2

2

3

fMinfMax
fff

f
f
f
f

xx
x
x
x

xf
xxf

xxxf

           )1,( ),1(    )1,1(
    )0,1(   )4,1( .

         :

1.    

2.     

3.         

4.            

5. 

6.      

x

y

)0,1(

)4,1(

)2,0(

)(
)('

xf
xf

x 1

0
4

Max Min

1
0
0

0

2 4

22

6
5

http://www.abbyy.com/buy
http://www.abbyy.com/buy


95

3: 22 xxy  .

:      ) (.

1-      x y .

             y       x           

y  :20020 yx

  y   )2,0( .
              x  y                       x 

 :

2,1
2

31
2

2411
2

4

02,0

21

2,1

2

2,1

2

xx

x

a
acbbx

xxy

   x  )0,1()0,2(  .
2-                  

:

22 xxy
           0'y  :

2
1

1212
0210

21

x

xx
xy

xy

    
2
1x                                

2
1x :02y

http://www.abbyy.com/buy
http://www.abbyy.com/buy


96

  "y         
2
1x       

2
1x  

   .         
2
1x 

4
12

4
1

2
12y         

  :)
4
12

2
1(

                     x0y                

0"y.

3-  :

)2(limlim 2xxy
xx

)2(limlim 2xxy
xx

                              

    .

1.extreme    

143)1)()23)() 2
2

2 xxyc
x

xxfbxxxfa

2 -min  23 43)( xxxf  

y
y
x
'

1

0

2
1

0

4
12

2

0 x

y
)

4
9,

2
1(

http://www.abbyy.com/buy
http://www.abbyy.com/buy


97

   
             

                

                        

     

   .

 )(xfy ),( ba  

  )(xfy ),( cb  

  ),( ba                   

),( cb  .

       :

1.    )(xfy                       

                             

    0"y

a b c x

y

x

y

http://www.abbyy.com/buy
http://www.abbyy.com/buy


98

          )(xfy           

     .

2.    )(xfy          

                

                 

.            )(xfy 

        0y       

  .

 :                      

   )Inflection( .

      )(xfy 0xx        )0)(xf(     

      .

1:  45)( 2 xxxf           .

:      .

1-  y:

)4,0(
4
0

y
x

2-   x:

1,4)1)(4(45
045

0
21

2
2

xxxxxx
xx

y

x

y

a b

a b
x

y

http://www.abbyy.com/buy
http://www.abbyy.com/buy


99

    x)0,4( )0,1(.

            :

02)("
5245)( 2

xf
xyxxxf

 0"y        .

2:                   169 23 xxxy        

 .

 :

y
y
x
"

3
186

01860
3186

01860
1866183

169
2

23

x
x

xy
xx

xy
xyxxy

xxxy

            )3,(       ),3(       

           .

3
0

  

)(
)('

xf
xf

x 0 1 2
5

4

0
0

4
904

min

x

y

)
4
9,

2
5(

http://www.abbyy.com/buy
http://www.abbyy.com/buy


100

3:  35 5)( xxxf   

 :

2
3,

2
3

2
3

20
3003020

0
0)3020(

03020
0)("

3020)("
155)('5)(

32
2

22

1

2

3

3

2435

xxx

xx

x
xx

xx
xf

xxxf
xxxfxxxf

   
2
3x 0x 

2
3x     0)(xf

                            

 .

1 -    4)( 2xxf  

2 -  12)( 2xxf  .

)(
)("

xf
xf

x 2
3

0 0 0
2
3

0

65.13 2
36

http://www.abbyy.com/buy
http://www.abbyy.com/buy


101

 
   

        

1xy 1xy   

   cbxaxy 2   .     

              .

       x  .

     .

          .

     :

1-     :                        

),(fD          .

2-     :       

:

a
bx

bax
bax

xf
baxxf

2

2
02

0)('
02)('

http://www.abbyy.com/buy
http://www.abbyy.com/buy


102

 
a
bx

2
     :

a
bac

a
acb

a
acbby

c
a

b
a

bac
a

bb
a

bay

4
4

4
4

4
42

0
24

)
2

()
2

(

2222

2

2

2
2

)
4

4,
2

(
2

a
bac

a
b    .

:0a :)(lim0 xfa
x

  )
4

4,
2

(
2

a
bac

a
bMin.

: 0a :)(lim0 xfa
x

  )
4

4,
2

(
2

a
bac

a
bMax.

3-         :

 0a       )
4

4,
2

(
2bac

a
b  .

 0a      )
4

4,
2

(
2bac

a
b  .

x

y

Min

a
b

2

x

y

a
b

2

Max

y
y
x
'

a
bac

4
4 2

a
b

2
0a

y
y
x
'

a
bac

4
4 2

a
b

2
0a

http://www.abbyy.com/buy
http://www.abbyy.com/buy


103

1 :  34)( 2 xxxf        .

1-                         

),(    .

2-     x:

)0,3(,)0,1(

303
101

0)3)(1(
034

0
2

xx
xx

xx
xx

y

3-     y:

)3,0(
3

3040
0

y
y
x

4-  Extreme             

 .

34lim)(lim
)(

min)1,2(13242)2(
242042)('

2

2

xxxf
xfx

Vf
xxxxf

xx

2: xxxf 2)( 2        .

 :         :

1-        ),(             

 .

y
y
x
'

0 1 2 3

3
Min

01

x

y

3

3
)1,2(

1
2

0

http://www.abbyy.com/buy
http://www.abbyy.com/buy


104

2-     x      :

)0,2(2
02

)0,0(0
0)2(
02

0)(

2

1

2

x
x

x
xx

xx
xf

3-    y      :

)0,0(0)(
020)(
2)(

0
2

xf
xf

xxxf
x

4-  Extreme                   

    .

MaxV
f
x

x
x

xxf
xxxf

D f

)1,1(
1)1(

1
22

022
022)('

2)(

),(
2

                              

       )1,1( .

1-  12)( 2 xxxf   .

2-  2)( 2 xxxf       .

x

y

)1,1(v

)(

)('

xf

xf
x 210

Max

10 0

 

http://www.abbyy.com/buy
http://www.abbyy.com/buy


105

  
               

                     

   

      

      :

 :                        

        .

    :

1-  :    )(xfy         

     axy  

)(lim xf
ax

                      

                              

      .           

       .

2-   :        )(xfy      

                   )baxy (  

  0a                    

      

     .

x

y

x

y

x

y

http://www.abbyy.com/buy
http://www.abbyy.com/buy


106

                                        

       .

3-  :          

x                              

                       x
cy

    cxf
x

)(lim  .          

                x

.

1:   
42

1)(
x
xxf .

:            :

2
42

042

x
x
x

2x     .

  :          x.

2
1)

42
1(lim)(lim

x
xxf

xx

2
1y    .

1
4
10y

101x

x

y

x

y

http://www.abbyy.com/buy
http://www.abbyy.com/buy


107

2 :  
x

xxy 122

 .

:
1 - :         :

212122

xy
x

x
x

xx

2 -  :           :

0122

x
x

xxy

3 -  :         .

3:  
)2)(1(
)2)(3()(

xx
xxxf .

:
1.  :       :

02
21

01
0)2)(1(

21

x
xx

x
xx

 2x 1x   .

2-  :        :

1
)2)(1(
)2)(3(lim)(lim

xx
xxxfy

xx

1y  .

3-                  baxy             

.

http://www.abbyy.com/buy
http://www.abbyy.com/buy


108

   :

 m n        
)(
)()(

xQ
xPxf :

: nm  x  .

:   nm   by      b     m

 n.

: nm          .

:     1nm               

      .     .

     .

4
8)()3

1
2)()2

2
63)()1

2

2

2

2

x
xf

x
xxf

xx
xxf

http://www.abbyy.com/buy
http://www.abbyy.com/buy


109

 
                    

     

   .

        .

  
x

xf 1)(   .

        .

       x y  .

      :

      
dcx
baxxf )(                         

0c.      :

1-  :
c
ay

x
dc
x
ba

x
d

x
cx

x
b

x
ax

xf
xxx
limlim)(lim

2-  ):(
c
dxdcxdcx 0

1:  
3
12)(

x
xxf        .

:

3
03

x
x

1-   3x        3x           

    :}3{\min IRDo

x

y

http://www.abbyy.com/buy
http://www.abbyy.com/buy


110

2-    x:

)0,
2
1(

2
112

012
0)(

xx

x
xf

3-    y:

)
3
1,0(

3
1

30
102)0(0 fx

4- :

-  :2,2
3
12lim y

x
x

x
        2

1
2)(

c
axf

- :303 xx3
1
3

c
dx

5-           .

344

2

22

)3(
10

)3(
)3(10

)3(
)3(2)5()3(0)("

0
)3(

5
)3(

)12()3(2)('

xx
x

x
xxxf

xx
xxxf

2:  
1
1)(

x
xxf        .

:101 xx
1 -  1\IRD f    1x .

2
)(

)("
)('

xf

xf
xf

x

 

3

2

http://www.abbyy.com/buy
http://www.abbyy.com/buy


111

2 -    x      :)0,1(1010 xxy

3 -    y      :)1,0(11
10
100 yyx

4 - :

- :101 xx

- :1)(
1
1lim)(lim yxf

x
xxf

xx

5-Extreme          .

344

2

222

)1(
4

)1(
)1(4

)1(
)1(22)1(0)("

0
)1(

2
)1(

11
)1(

)1(1)1(1)('

1
1)(

xx
x

x
xxxf

xx
xx

x
xxxf

x
xxf

3:  
x

xxf 52)( .

:
1-                   0x     -

    }0{\IRD f

2-  

-   x:

)0,5.2(
2
552

052

0520)(

xx

x
x

xxf

-   y : 0x)(xf   y .

x

y

11

1
1

)(
)("
)('

xf
xf
xf

x 1

11  

http://www.abbyy.com/buy
http://www.abbyy.com/buy


112

a.:
-  :       x    0x      

  y    .

-  :252lim)(lim
x

xxf
xx

  2y   .

b.   :         :

05)('

522)52(2)('

52)(

2

22

x
xf

x
xx

x
xxxf

x
xxf

 0)(' xf   .

         :

1-  
3
1)(

x
xxf    

2- 
4

)(
x

xxf    

x

y

2y

2
12

 

 

202)(
)('

5.2

xf
xf

x 0

 

http://www.abbyy.com/buy
http://www.abbyy.com/buy


113

     0,23 adcxbxaxy

          

                    

.

   dcxbxaxxf 23)(      .

      .

       .

     :

1 -     dcxbxaxxf 23)(          0a  .

                                    

  )0( f                 .    0a     

           .

)(
)('

0'0
23)('

)(
2

23

xf
xf

x

fa
cbxaxxf

dcxbxaxxf

x

y

"f'f

f

x

y

1x 2x
0 0

http://www.abbyy.com/buy
http://www.abbyy.com/buy


114

2 -   dcxbxaxy 23 0a 0f0)(' xf 

            0f                 

     .

)(
)('

0'0
23)('

)(
2

23

xf
xf

x

fa
cbxaxxf

dcxbxaxxf

3 -                  

  :)
2

,
2

(),( minmaxminmax yyxxyxI cc

4 -        :

023
0)('

2 cbxax
xf

             
a
bx

3
.

C C

Max Max

Min Min

x

y

1x 2x
0 0

http://www.abbyy.com/buy
http://www.abbyy.com/buy


115

5-    dcxbxaxxf 23)(  0a0'f   0)(' xf   

                          0)(' xf        

    )1(  0)(' xf      )2(.

1: 2)2)(1()( xxxf       .

:            

extreme       .                    

          .              

                                      

    :

43)( 23 xxxf

04128
4)2(3)2()2(

44030)0(

2,00)(
2063,0

0)63(
063

63)(

23

23
21

21

2

2

f
f

xxxf
xxx

xx
xx

xxxf

1
66

0660)("

x
x

xxf

                   1x              )(xf    

:2)21)(11()1( 2f

)1()2(

http://www.abbyy.com/buy
http://www.abbyy.com/buy


116

  :)2,1(I

  :

 -   x:

)0,2(,)0,1(
2
02

0)2(
1

01

0)2)(1(
0

2

2

2

x
x
x

x
x

xx
y

-  y:

)4,0(44030
0

23y
x

2:  23 3)( xxxf        .

 :                         

:

1-

263063,0
0)63(0630)('

63)('
3)(

21

2

2

23

xxxx
xxxxxf

xxxf
xxxf

x

y

)(

)("
)('

xf

xf
xf

x 2 1 0

max min

0 2 4

http://www.abbyy.com/buy
http://www.abbyy.com/buy


117

      :

)4,2(,)0,0(
4232)2(
0030)0(

23

23

f
f

2 -  :

 -   x:

)0,3(,)0,0(

3
03,0

0)3(
03

0

2

1

2

23

x
xx

xx
xx

y

-   y:

)0,0(
0030)(

0
23xf

x

3 -    )(" xf  :

)2,1(2)1(
3)(

1
066)(

23

If
xxxf

x
xxf

4-       :

x

y

)(

)("
)('

xf

xf
xf

x 0 1 2

Max

0 2 4

Min

0
0

http://www.abbyy.com/buy
http://www.abbyy.com/buy


118

3 :   13)( 23 xxxxf .

:     
a
bx

3
 :

011)1(31)1(1
13

)3(
3

23f
a
bx

)0,1(C  

           

1 -323 )1()()1
3
1)() xxfbxxxxfa

2 -    362)( 2 xxxf   .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


119

Rolle Theorem
   )(xf    

 )(' cf 

       ),( ba   )(xf

                

   x  .

)(xf                

 )()( bfaf 0x   ),( ba .

        :

   )(xf  bxa    bxa

)()( bfaf              0x      bxa      

   0)( 0xf.

x

y

)(af )(bf

a
0x b

)()( bfaf

a bc x
0

y

P

)(xf

http://www.abbyy.com/buy
http://www.abbyy.com/buy


120

 :

  )(xf         .

1 -  cxf )(   0)(xf .

2 -    )(xf   ),(, 21 baxx 0)( 1xf    bax ,0  

 )Maximum(0)()( 10 xfxf.    

0)( 2xf    )Minimum( .

    )Extreme(    0)( 0xf .

1:   xxf cos)( )5,(,ba .

:1)5()(f          )(xf         x      

)5,(      )5,(                Rolle  

)5,(         0x       0)'(cos x     xx sin)'(cos

 .            0sin x )5,(   .

0sin0sin xx   )5,(   2,3,4 .

2:     21)( xxf 1,1,ba  .

:                             

 0)1()1( ff )0(f 1,1    1,1  

 0x  0)( 0xf     00x .

     
u
xuxy

2
)(')(' :

0
01

0)0(
112

2)(
222

f
x

x
x

xxf

http://www.abbyy.com/buy
http://www.abbyy.com/buy


121

  ) (:

      .

         

   PQ   .

 PQ   )(xf  

     :

 : )(xf ba,   ),( ba   

C   ))(()()( abcfafbf :

ab
afbfcf )()()(

:     :x
ab

afbfxfxg )()()()(

:
II.........)()()()()()(

I.........)()()()()()(

ab
abfbafb

ab
afbfbfbg

ab
abfbafa

ab
afbfafag

              I   II                     

),( bac   0)(' cg:

))((')()(

)()()('0)()()('

)()()(')(')()()(')('

abcfafbf
ab

afbfcf
ab

afbfcf

ab
afbfcfxg

ab
afbfxfxg

x

y

a
0x b

)(xf
)(af

)(bf

http://www.abbyy.com/buy
http://www.abbyy.com/buy


122

:  182)( 3 xxxf     3,1,ba  .

:        )(xf   3,1       )3,1(      

    )3,1(,0x  .

18
2

36
13

)1()3()()()( 0
ff

ab
afbfxf

  c :
6
261886)( 2,1

2
0 xxxf

  
6
26x )3,1( 

3
13

0x.

 
6
26x )3,1(     .

1 -  0x   )4()( xxxf 4,0        

  

2 -  0x       xxxf 2
3

)(
3

  3,0                 

  

http://www.abbyy.com/buy
http://www.abbyy.com/buy


123

  )L'Hopitall(
     

1
23)(

2

x
xxxf    1x  .

              .

432

24

242
1233)(

xxx
xxxxf      x  .

              .

     :

 :  )(xf )(xg ),( ba .

     
)(
)(

xg
xfax  

0
0  x    

          
)('
)('lim

xg
xf           

                                ...n    

       :

4
9

22
124

2
14

)('
)('

0
0
0

42
10222

4
102lim 2

2

2

2

2

x
x

xg
xf

x
xx

x

)(
)(lim

)(
)(lim

xg
xf

xg
xf

axax

http://www.abbyy.com/buy
http://www.abbyy.com/buy


124

                                      :
4
9

22
522

2
52lim

)2)(2(
)2)(52(lim

22 x
x

xx
xx

xx

:         .

127
643lim)3

3
81lim)2

2sin
2sinlim)1 2

24

30 xx
xx

x
x

xx
xx

xxx

 :

3
21
21

2cos21
2cos21lim

)2sin(
)2sin(lim

0
0

02sin0
02sin0

2sin
2sinlim

00

0

x
x

xx
xx

xx
xx

xx

x

  :

108
1
34

1
4lim

)3(
)'81(lim

0
0

33
8181

33
813lim

3
81lim

33

3

4

3

3

4

3

x
x

x
x

x

xx

xx

  :

7
3

14
6

)'214(
)'46(lim

214
46lim

)'127(
)'643(lim

127
643lim

2

2

2

2

x
x
x
x

xx
xx
xx
xx

x

x

x

x

        .

3

5

30

3

5

10

3
lim)sinlim)

1
1lim)sinlim)

x
xd

x
xc

x
xb

x
xa

xx

xx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


125

  
                 

      

1:                20          

  .

:       x        x20              

     :)20()( xxxf     x  20,0    

     20,0  :

0400400202020)20(
00020)0(

100100200101020)10(
10

202
0220

0)('
20)(

2

2

2

2

f
f
f
x

x
x

xf
xxxf

     )10010 (                   

100  :101x 102x.

2:          )3)(2( ttx      .     

   3,4 12 tt  .

:       :

2
34
02

34
)3()4(

12

)()( 12
xx

tt
xx tt 

x

y

http://www.abbyy.com/buy
http://www.abbyy.com/buy


126

3:        .

 :

x
ds
dv

x
x

ds
dv

xx
dx
dsxS

xx
dx
dvxv

x

x

2
1

8
4

8244

43
3
4

3
4

2

4
)(

223
)(

4:      )(C  )(F  )32(
9
5 FC   .   

 )(C)(F   .

:    ))()((
x
y

x
xfxxfVm  :

9
5)32(

9
5)32(

9
5

)()(
F

FFF

F
FCFFC

F
C

5:    m200      .

:                                

                 .        x          y  

  :

20022 yx

xyyx 100100

yx

IRDxxxxS s,100)100( 2

10001000,0 xxyx
    2100 xxS  1000 x   :

0)(lim

0)(lim

250050021000'
2100

0

0

)50(

xS

xS
SxxS

xS

x

x

00
'

1000

S
S
x

2500

50
0

x

y
Max2500

50

100

50

50

http://www.abbyy.com/buy
http://www.abbyy.com/buy


127

                   

    50   2500   .

6:     200            

  .

:       x   y  200yx  .    Tyx 22   

  :

100
04004

0
4004

400004002
)200(400

)200(

)(

)(

2

222

22

22
)(

x
x

T
xT

xx
xxx

xx

yxT

x

x

x

         :20000)100(T

7:  A     
x

y 2  .        A   

    .

:  A  
x

y 2  )2,(
x

xA :

4

4
2
8

2
42

)2(
4)2(

2,2

82

0'

82'

8282)'4()'('4

4

2

22

21

4

)(

3

4

)(

342
2

)(
2

2
22

2
2

)(
2

)(
2

d

d

xx

x

d
x

xd

x
x

x
xx

x
xdd

x
xOA

x
xyxOA

x

x

x

AA

    2 .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


128

8:                             

24       .

:    x   y :

xyyxx 22424
 0y120 x        :

0)12(
034563456)12(2)12(24)12(

512)8(
51210241536
)8(2)8(24)8(

0)0('
000

02024)0(

8
486

0648
0

0)648(
0648

0)('
648)('

224

224)224(

32

32

32

1

2

2

32

3222

V
V
V

V
V

V

x
x

x
x

xx
xx

xV
xxxV

xxV

xxxxVyxV

    3512cm .

1 -  123 xxxy       .

2-          m1    . 

           .    

          .

3-   2xy   )0,3(A .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


129

  
          )(xf   ba ,    

),( ba 0)(xf.

            )(xf      ba ,         

),( ba 0)(xf.

                       x                

         x     .

         )Maximum (          

)Minimum (  .       Extreme .

Maximum:   ))(,( 00 xfx       .         

   x )()( 0xfxf)( 0xf .

Minimum:))(,( 00 xfx   .     

)(xf  x)()( 0xfxf )( 0xf   .

    )(xfy                         

                .      

  0)(xf .

    )(xfy              

              

0)(xf .

              .    

 Inflection .

     
dcx
bax               :

0c.

http://www.abbyy.com/buy
http://www.abbyy.com/buy


130

  )(xf bxa   bxa

)()( bfaf        0xbxa  

 0)(' 0xf        .

  )(xf ba ,     ),( ba        

  0x   a b  bxa 0   

ab
afbfxf )()()(' 0      .

 :  )(xf )(xg ),( ba  .

      
)(
)(

xg
xf     ax     

0
0      x    

         )   (  
)('
)('

xg
xf       

                                   

 ...n      .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


131

    
      .     .

1 -     ],0[ b       :

0)()0)(')0)()0)() xfdxfcxfbxfa
2 -     :

)dMaximum)cInfliction)bMinimum)a

3 -  
xx

xxf
2
1)( 2 :

)d )c )b )a

4–        :

)d )c)b)a

5 -   cbxaxxf 2)(  :

)),0())0,()),() dcba

6 -  
2
12)(

x
xxf  :

2)1)2)1) xdxcxbxa
7 -      :

d
cyd

a
cyc

c
dxb

c
aya ))))

8 -  
4
64)( 2

2

x
xxxg  :

4)6)6)4) dcba
9 -   :

)
)('
)('lim

)(
)(lim))(')(lim)

)('
)('lim

)(
)(lim)

000

d
xg
xf

xg
xfcxfxfb

xg
xf

xg
xfa

xxxxxxxx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


132

    .

1. xxxf 2)(   )0,3(P 

2.  2)( xxf  4,3 

3.          :

xxfxxfxxf 2)()313)()22)()1 2

4.         :

2,)()21,12)()1 0
2

0 xxxfxxxf
5.    :

13)()242)()1 32 xxfxxxf
6.        :

2
1,126)()2

1,37)()1

0
2

0
2

xxxxf

xxxxf

7.  xxxxf 343)( 25        .

8.    .

xxfxxfxxxf 2cos)()3)13sin()()2sec)()1 23

9.           

10.  
x

xxf 1)(
2

  .

11.  
1

4)( 2

2

x
xxf  .

12.   xy sin  .

13.   xy tan  .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


133

 

http://www.abbyy.com/buy
http://www.abbyy.com/buy


134

http://www.abbyy.com/buy
http://www.abbyy.com/buy


135

 
Riemann’s Sum

             

              

          

  .

   22)( xxf    ]4,0[ 

   .

     

        22xy 

      .

                

       

                    

         .

       1        

                  

    

     :

1         x                        

      .

1 2 3 4

2

4

6

8

10

x

y

2

2

o 22

http://www.abbyy.com/buy
http://www.abbyy.com/buy


136

:      )(xfy     ba,         

            x      )(xfy           

  :

   ba,  n                 

n
abx             .

      ni ,...,2,1  :

bxxiaxxaxxaxax ni ,...,...,2,, 210

nnii xxxxxxxxxx ,,...,],[,...,,,,,, 11322110

              xxf i )( 1          

   xxf i )(  :

xxfxxfxxfxxf

xxfxxfxxfxxf

i

n

i
n

i

n

i
n

)()(...)()(

)()(...)()(

1
21

1
1

110

     A  :xxfAxxf
n

i
i

n

i
i

11
1 )()(

       :

xxfAxxf
n

i
inn

n

i
in 11

1 )(limlim)(lim

     :xxf
n

i
in 1

1)(lim

    

   

x

y

o ax0 1x 2x 3x 1nx bxn

x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


137

n

i
i xxf

1
)(                     

n

i
in

xxf
1

)(lim 

   .

1:    ]2,0[        

12xy x .

:  ]2,0[          

:
2
1

4
02

n
abx

    :

2
2
33,12

2
1,0

4

32

10

x

xaxxax

xaxax

]2,
2
3[,]

2
3,1[,]1,

2
1[,]

2
1,0[

],[],,[,],[,],[ 43322110 xxxxxxxx

      x   :

5)2(,25.3)
2
3(

2)1(,25.1)
2
1(

1)0(,1)( 2

ff

ff

fxxf

2
1 1

2
3 2

1
25.1

2

25.3

5

x

y

http://www.abbyy.com/buy
http://www.abbyy.com/buy


138

75.3
2
125.3

2
12

2
125.1

2
11   

75.5
2
15

2
125.3

2
12

2
125.1   

75.575.3 A

2:      xxf 1)(]10,1[.

2
1 1

2
3 2

1
25.1

2

25.3

5

x

y

2
1 1

2
3 2

1
25.1

2

25.3

5

x

y

http://www.abbyy.com/buy
http://www.abbyy.com/buy


139

:

5.58
2

999

]
2
81

2
999[lim

]
2
81

2
999[lim

]
2

81999[lim

)]
2

911(99[lim

)]
2

992(99[lim

)]
2

99(99[lim

)]
2

)1(9(99[lim

)]91(919[lim

)]91(919[lim

])(19[lim

]1[lim

)]1([lim

])1([lim)(lim

,......2,1,0,]9[1

9110

22

2

2

2

2

22

2

1 1 1

1 1

1 1

1 1

1

11

n

n
n

n
n

n
nn

n
nn

n

n
nnn

n

n
nnn

n

nn
n

n
n

n
n

i
nnn

i
nnn

xiax
n

xxx

xx

xxxxf

ii
n

xiax

nnn
abx

n

n

n

n

n

n

n

n

i

n

i

n

in

n

i

n

in

n

i

n

in

n

i

n

i
in

n

i
in

n

i
in

n

i
in

i

:

6
)12)(1(

2
)1(

1

2

1

1

nnni

nni

cnc

n

i

n

i

n

i

http://www.abbyy.com/buy
http://www.abbyy.com/buy


140

1-       ]3,0[               xy 3 

 x  .

2-5.0x                            

      :

32.521.510.50x
50443832262014y

3-     OAB    xy 28     4,0      

  .

x

y

A

B

2

4

6

8

21 3 40

http://www.abbyy.com/buy
http://www.abbyy.com/buy


141

 
Concept of Integral

              

                                        .

       

                         .  

  )(       S   sum        .     

dxxfxxf
n

i
in

)()(lim
1

       )(xf        dx           

 x.

                                   

:

1-  Indefinite Integral

  12)( 2xxF     

      .

                          )1- (            

 

  )1- (   C )(xf  

     1)( 6xxF   )(xf  

http://www.abbyy.com/buy
http://www.abbyy.com/buy


142

      :

:    )(xf      ],[ ba     )(xF       )(xf

      CxF )(        C                      

  )(xf :

CxFdxxf )()(

1:dxx .

:CxCxdxx
211

211

2:dx
x7 3

1  .

:CxCxCxdxxdx
x

7 4
7
4

1
7
3

7
3

7 3 4
7

7
41

7
3

1

3:dxx 2
3

 .

:CxCxCxCxdxx 52
52

51
2
3

2
3

5
2

5
2

2
51

2
3

   :

dx
x

c

dxxxedx
x

b

x
dxxddxxa

1)

)1)

))

8 4
4

4 2

2
5 3

http://www.abbyy.com/buy
http://www.abbyy.com/buy


143

   
Properties of Indefinite Integral

        

              

   

         :

2

2
3

4

1
1)(

cossin)(

12)(

3)(

x
xf

xxxf
x

xxf

xxf

      :

                       

         .

1 - k    :

Ckxdxkkdx

:dx5 

:Cxdxdx 555

2- 1n  :C
n
xdxx

n
n

1

1

?

0)(,
)(
)(

)]()([

)]()([

xgdx
xg
xf

dxxgxf

dxxgxf

dxk

http://www.abbyy.com/buy
http://www.abbyy.com/buy


144

:dxx4 

:CxCxdxx 5
14

4

5
1

14
3 - a    )(xf  :

dxxfadxxfa )()(

:dxx22 

 :CxCxdxxdxx 3
3

22

3
2

3
222

4-  )(xf   )(xg                 

           :

dxxgxdxfdxxgxf )()()]()([

:

Cxxxdxdxdxx

Cxxdxdxxdxx

2

322

828)28(

3
3
232)32(

5-                    

   :

dxxfdxxfdxxfdxxfxfxf nn )(...)()()](...)()([ 2121

:

Cxxxx

dxxdxxdxdxxdxxxx

2
9

3
6

4

96]196[
234

2323

6- )(xf)(xg            

      :

dxxgdxxfdxxgxf )()()]()([

http://www.abbyy.com/buy
http://www.abbyy.com/buy


145

 : 1)( xxf 2)( xxg.

  :                         

:

Cxxx

dxdxxdxx

dxxx

dxxxxdxxxdxxgxf

2
23

2

)2(

)22()]2)(1[()]()([

23

2

2

2

  :                      

   :

CxxxxCxxx

CxxxxCxxCxx

dxdxxdxdxxdxxdxxdxxgdxxf

)2
2

)(
2

(2
23

)2
2

)(
2

()2
2

)(
2

(

)2)(()2()1()()(

2223

2222

        .

7-   )(xf   )(xg                     

      :

0)(,
)(

)(

)(
)( xg

dxxg

dxxf
dx

xg
xf

 : xxxf 2)( 2 xxg )(.

 :       :

Cxxdxx

dx
x

xxdx
x

xxdx
xg
xf

2
2

)2(

)2(2
)(
)(

2

2

http://www.abbyy.com/buy
http://www.abbyy.com/buy


146

  :                

:

dxxg

dxxf
dx

xg
xf

C
x

x
x
xC

x
xx

xdx

xdxdxx

xdx

dxxx

dxxg

dxxf

)(

)(

)(
)(

2)2(

)(

)(

2
2

1

2

2
2

1

3
3

1

2
2

1

23
3

1

22

      .

         :

?)2()?2)

?)32()?)9542()

?1)?2)

?
1

)1()?17)

2

23

632

5
4

2

dxxhdx
x

xxg

dxxfdxxxxe

dx
x

ddxxc

dx
x

xbdxa

http://www.abbyy.com/buy
http://www.abbyy.com/buy


147

 
Definite Integral

            

       .

  xxf 2)(]5,2[ 5n   .

           

         :

 :       )(xf       ],[ ba   n    

         )( x                )(xf 

ax bx:
b

a

b
a

n

i
in

aFbFxFdxxfxxf )()()()()(lim
1

  a   b    .

1 : dxx
3

1

2 .

:
3

26
3

127
3
1

3
3]

3
[

33
3
1

33

1

2 xdxx

2:    3y  x 4,1  .

:   
4

1

3 dx     

                   

 .

x

y

1 4

3
3y

o

4

4

4

4

4

4

4 4

http://www.abbyy.com/buy
http://www.abbyy.com/buy


148

          :

1553)1(43 

     :1553)14(3]3[3
4

1

4
1xdx

3:         1xy 

x  3,0.

:

           :

24
2
122

2
1

1A

     :
2
1)1(

2
1)1(1

2
1

2A

1A2A  :5.1
2
1221 AA

       :5.13
2
90]3

2
3[]

2
[)1(

2
3
0

23

0

xxdxx

 
1-        

12xy  x   )2,1(

  .

2-             2xxf   1,0   4n

 .

0 2A

1xy

1A

1 3

1

)2,3(

x

y

x

y

1

3

1 2

D

C

A B

http://www.abbyy.com/buy
http://www.abbyy.com/buy


149

  
Properties of definite Integral

           

     

4

1

23
k

k  .

 
b

a

dxx   1,1.

 
2

0

)31( dxx   .

       :

                              

          :

1 -
b

a

Cdx     C ],[ ba.

abCxCdxCdxC b
a

b

a

b

a

][

:],[ ba    n     
n

abxi           ix  

i   :niCxf i ,...,2,1,0)(

)()()()1...11)((

)...()...()( 21
11

abCCdxabC
n
nabC

nnn
abC

n
ab

n
ab

n
abCxxxCxCxxfS

b

a

n

n

i
ii

n

i
in

?

)(

)]()([

dxxf

dxxgxf

dxc

a

a

b

a

b

a

http://www.abbyy.com/buy
http://www.abbyy.com/buy


150

: 
4

3

dx  .

:
4

3

4
3 134][xdx

2-)(xf ],[ ba  k     :
b

a

b

a

dxxfkdxxfk )()(

:

b

a

b

a

b

a

n

i
in

n

i
in

n

i
innn

dxxfkdxxfkdxxfkxxfk

xxfkxxfkS

)()()()(lim

)(lim)(limlim

1

11

:  
2

2

4 dx  .

2

2

2
2

2

2

16)4(4)22(4][444 xdxdx

3 -  )(xF   )(xf   ba,     :

dxxfdxxf
b

a

a

b

)()(

:

dxxfdxxfdxxfbFaF

aFbFaFbFdxxfxxf

b

a

a

b

a

b

b

a

n

i
in

)()()())()((

))()(()()()()(lim
1

 :  
3

2

2

3

22 dxxdxx  .

 :        :

5
2

10
2
188

2
18

2
8

2
)9(2

2
)4(2

2
)3(2

2
)2(2]

2
2[2

5
2

10
2

818
2
8

2
18

2
)4(2

2
)9(2

2
)2(2

2
)3(2]

2
2[2

22
2
3

22

3

22
3
2

23

2

xdxx

xdxx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


151

        :
3

2

2

3

22 dxxdxx

4-  )(xf  ba,    :0)( dxxf
a

a

:0x :

0)(

0)()()()(lim
1

dxxf

aFaFdxxfxxf

a

a

a

a

n

i
in

: dxx
3

3

23  .

:02727]33[][]
3

3[3 333
3

33
3

33

3

2 xxdxx

5 - )(xf )(xg     ],[ ba    :

dxxgdxxfdxxgxf
b

a

b

a

b

a

)()()]()([

 :

dxxgdxxfxxgxxf

xxgxxf

xxgxfdxxgxf

b

a

b

a

n

i

n

i
inin

n

i

n

i
iin

n

i
iin

b

a

)()()(lim)(lim

])()([lim

)]()([lim)]()([

1 1

1 1

1

           :

6
3

18
3

9273
3

27
3

)1()

514]
3

[3][43434)34()

3
0

3

0

33

0

3

0

2
3

0

2

1
0

3
1
0

1

0

2
1

0

1

0

2
1

0

1

0

2

xxdxdxxdxxb

xxdxxdxdxxdxdxxa

http://www.abbyy.com/buy
http://www.abbyy.com/buy


152

6 -)(xf     )ba,(         ab ,   c  bca 

  :

dxxfdxxfdxxf
b

c

c

a

b

a

)()()(

 :    ba,            

ca,  bc,    )(xf         

    .  

 dxxfA
b

a

)(     

        )(xfy   x   ba, .          

         ca, bc, x    

    :
c

a

dxxfA )(1

b

c

dxxfA )(2

     :dxxfdxxfdxxfAAA
b

c

c

a

b

a

)()()(21

:  
10

0

17)( dxxf 
8

0

12)( dxxf 
10

8

)( dxxf   .

:

dxxfdxxfdxxf

dxxfdxxfdxxf
b

c

c

a

b

a
10

8

8

0

10

0

)()()(

)()()(

       :

51217)()()(
8

0

10

0

10

8

dxxfdxxfdxxf

x

y

)(xfy

0 108

x

y

0 a c b

A
BC

)(xfy

1A 2A

http://www.abbyy.com/buy
http://www.abbyy.com/buy


153

7 - )()( xgxf  ba,      :
b

a

b

a

dxxgdxxf )()(

:
n

in

b

a

b

a

b

a

xxfxgdxxfxgdxxfdxxg
1

)]()([lim)]()([)()(

   0)()( xfxg 0x               

  :

b

a

b

a

b

a

b

a

b

a

n

i
iin

dxxfdxxgdxxfdxxg

dxxfxgxxfxg

)()(0)()(

0)]()([0)]()([lim
1

: 
4

1)(
2xxf

2
1)(

2xxg      1x  dxxgdxxf
b

a

b

a

)()( 

.

:

b
a

b
a

b
a

b
a

b

a

b

a

b

a

b

a

b

a

b

a

xxxx

dxxdxdxxdx

dxxdxx

][
6
1][][

12
1][

2
1

4
1

)
2

1()
4

1(

33

22

22

  0)( ab   :

6
1

12
1

)(/)(
6
11)(

12
11

)(/)(
6
1)()(

12
1)(

222222

3333

babababababa

ababababab

http://www.abbyy.com/buy
http://www.abbyy.com/buy


154

8-  )(xf   ],[ ba  mM ,         

       :)()()( abMdxxfabm
b

a

: Mxfm )(:

)()()(

)(

abMdxxfabm

dxMdxxfdxm

b

a

b

a

b

a

b

a

  .

 :dxe x
1

0

2    .

 :  
2

)( xexf    1,0  1)0( 0efM  

 1)1( efm  :

1

0

1

1

0

1

1

0

1

13679.03679.01

1

01101

)()()(

2

2

2

dxe
e

e

dxee

dxee

abMdxxfabm

x

x

x

b

a

     1 3679.0 .

9-  )(xf      ],[ ba              c 

bca   :))(()( abcfdxxf
b

a

x

y

)(xfy

o mMa b

http://www.abbyy.com/buy
http://www.abbyy.com/buy


155

:ba  m M   

     ba,

     

],[ bac :

Mdxxf
ab

mabMdxxfabm
b

a

b

a

)(1)()()(

 dxxf
ab

K
b

a

)(1Mkm   

cbca )(cfK :

))(()()(1)( abcfdxxfdxxf
ab

cf
b

a

b

a

             )(cf        

)(xf  ba,.

:2)( xxf   [1,4]  .   .

:
4

1

4
1

3
2 21

3
63]

3
164[]

3
1

3
64[]

3
[ xdxx

  2)( xxf            x  c         2)( ccf

          c   :

))(()( abcfdxxf
b

a

     :

7,7)(7)7()(,)(

77
3
21321

)14(

22

222

4

1

22

kcfccfcfk

cccc

cdxx

a c b0
x

y

M

K
m

)(xfy

http://www.abbyy.com/buy
http://www.abbyy.com/buy


156

        k  471.

           

 )(cf    ab   .       

 4,1  7 3 .

 
1 -      .

?)

?)
8
12()?)()

?)
2
1()?7)

?3)?)2()

3

1

4

4

42
4

2

2

1

43
5

2

3

2

1

1

3

dxxd

dxxxgdxxc

dxxxfdxxb

dxxedxxa

2 -   
4

1

dxxf  ]4,1[  
1

1

5dxxf 

4

1

2dxxf.

3 - xxf )(   2,0       c .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


157

    

           
sec

72 m      

.              

  6     .         

   

       2)( xxf   0h  .

       .

         .

      :

                                 

           :

1-      :

 )(xf ba,  x  :dttfxF
x

a

)()(

 )(xf ba,    ],[,)()( baxxfxF.

:     )(xf bax , f ],[ xa    

   )(xf   .

 )(xF    x h  :

h

xFxF

h
aFxFaFhxFxF

h
xFaFaFhxF

h
xFhxFxF

xfxF

x
a

hx
a

hh

hh

)()(
lim))()(()()(lim)(

)()()()(lim)()(lim)(

)()(

00

00

tvtS 0)(

http://www.abbyy.com/buy
http://www.abbyy.com/buy


158

 )(xf )(tf:

h

dttfdttf
xF

h

tFtF
xF

hx

a

x

a
h

x
a

hx
a

h

)()(
lim)(

)()(
lim)(

0

0

     :
a

b

b

a

dttfdttf )()(

h

dttf

h

dttfdttf
xF

h

dttfdttf
xF

hx

x
h

hx

a

a

x
h

x

a

hx

a
h

)(
lim

)()(
lim)(

)()(
lim)(

00

0

      
hx

x

dttf
h

cf )(1)(   c x hx    

h    c x     )(xf:

)()(lim)(1lim)(
0

xfcfdttf
h

xF
xc

hx

x
h

 :)()( xfxF.

: 
1

2
2

2

1
1)(

x

t
xF .

                          :
)(

)()(
xg

a

dttfxFdttfxF
x

a

)()(

1
1)(

1)(

2

2

t
tf

xxgu

    :)())(()( xgxgfxF

1)1(
2)(

2
1)1(

1)1(
1)1(

1)(

22

22
2

22

x
xxF

x
x

x
x

xF

http://www.abbyy.com/buy
http://www.abbyy.com/buy


159

2-     :
 )(xF )(xf ba,   :

)()()( aFbFdxxf
b

a

:     
x

a

dttfxF )()(  

baxxfxF ,),()(         :

kxFxfkxFxf )()()()(

)()(

)()(

xfxF

dttfxF
x

a

kxFxfdttf
x

a

)()()(

kxFdttf
x

a

)()(

   x  a :

)()(0,)()( aFkkaFkaFdttf
a

a

 k   :
x

a

aFxFdttf )()()(

   x   b :
b

a

aFbFdttf )()()(

   b
a

b

a

xFdttf )]([)( .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


160

           F       

dttf
b

a

)(      

 .

:dxx
1

0

2   .

:

3
10

3
11

3
1]

3
[)0()1( 331

0

31

0

2 xFFdxx

1 -   .

xt

tt

t

dt
t

txFddy
y
ytFc

dx
x

tFbdx
x

tFa

1
2

cos

0
2

cos

sin
2

sin)()
1
cos)()

4
1)()

4
1)()

2-       ttf )(2)0(F    )(bF     0,2.0,4.0,...,1b   

.

3 -
2

0

sin dxx  .

cxdxxec

cxdxx

cxdxx

cxdxx

cotcos

tansec

sincos

cossin

2

2

http://www.abbyy.com/buy
http://www.abbyy.com/buy


161

  
-                

   

-                  

             

                 

  

  
4

0

12 dxx     u .

 u    dx .

              12xu   0x

4x     u     .

      :

    )(xf    ],[ ba     )(xgufF   .

 dxxgdu )(  :

duufdxxgxgf
bg

ag

b

a

)()())((
)(

)(

1: 
2

1
2)53( x

dx  .

dxxx 212

http://www.abbyy.com/buy
http://www.abbyy.com/buy


162

 :    u:

14
1

2
1

7
1

5
1

5
11

5
1

5
1)

5
1(1

)53(

710325353
2

2215353
1

5
5,53

7

2

2

1

7

2

7

2
2

7

2
22 uuu

dudu
ux

dx

uuxu
x

uuxu
x

dudxdxduxu

2 :
1

0

532 )21( dxxx  .

:     u:

2.20
9

182
36
728

]
6

728[
6
1]

6
1

6
729[

6
1

]
6
1

6
3[

6
1]

6
[

6
1

6
1

6
1)21(

3312121
1

1102121
0

6
16,21

6
3
1

63

1

5
3

1

5
1

0

532

3

3

223

uduuduudxxx

uuxu
x

uuxu
x

dudxxdxxduxu

   dxxx 132u .

 u           .

 CxF )(            .

     :

http://www.abbyy.com/buy
http://www.abbyy.com/buy


163

  )(uF  )(uf    )(xgu      

x         :

duufdxxgxgf )()())((

 1:dx
x

x
241

  .

:     u:

CxCuCuCu

Cuduudu
u

du
u

dx
x

x

duxdx

dxxduxu

2
2
1

1
2
1

2
1

2

2

41
4
1)2(

8
1)

2
1(

8
1)

2
1(

8
1

)
1

2
1(

8
1

8
11

8
1)

8
1(1

41

8
1

8,41

 2 :dxxx )2cos( 43  .

:24xu     :

Cx

Cu

duu

duudxxx

dudxxdxxduxu

)2sin(
4
1

sin
4
1

cos
4
1

4
1cos)2cos(

4
1,4,2

4

43

334

http://www.abbyy.com/buy
http://www.abbyy.com/buy


164

    :

?sincos)

?
10

)?)3(2)

?)41(2)?34)

?1)?3cos)

5

0
2

42

5 2
7

0

2

1

dxxxg

x
dxxfdxxxe

dxxddxxc

dxxxbdxxa

http://www.abbyy.com/buy
http://www.abbyy.com/buy


165

    )Integration by Parts(
-          

         .   

                      

  

-         

 
12x

dxx    .

 dxxx
1

1

32 13   .

 dxxx sin2    

      :

    dxxgxfxf )()()(  )(xg                

 .uxf )(vxg )(        

 :uvvuvu )(

  uv'       :

vuvuuv )(
vduvuudv  dxvuvudxuv

  »    «.

  uv   ba,      »   

  «  .
b

a

b

a

b

a

vduvuudv   
b

a

b

a

b

a

dxuvvudxuv

                  .

 

http://www.abbyy.com/buy
http://www.abbyy.com/buy


166

 1: dxxxsin  .

 :

Cxxx

dxxxxdxxx

vduvuudv

xvdxxdv
dxduxu

sincos

cos)cos(sin

cos,sin
,

2: dxxe x
1

0

  .

:

1

][0

][

,
,,

0011

1
0

01

1

0

1
0

1

0

eeee

eee

dxexedxxe

dxuvvudxuv

evdxedv
dxdudxduxu

x

xxx

b

a

b

a

b

a

xx

   :

1

0

2

0

35

?)?2cos)

?)(cos)?cos)

dxexddxxxb

dxxxcda

x

cedxe xx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


167

   

  :      )(xfy   ba,     

        A       x   )(xfy         

    :

  ba,       n                 

n
abx            .

     ni ,..,2,1  :

bxxiaxxaxxaxax ni ,...,,...,2,, 210

nnii xxxxxxxxxx ,,...],,[,...,,,,,, 11322110

            xxf i )( 1                

xxf i )(      A  :xxfAxxf
n

i
i

n

i
i

11
1 )()(

:    )(xf     ],[ ba  )(xF      

)(xf        CxF )(     C             

    )(xf  :CxFdxxf )()(

 :

0)(,
)(

)(

)(
)(

)()()]()([

)(...)()()](...)()([

)()()]()([

)()(

2121

xg
dxxg

dxxf
dx

xg
xf

dxxgdxxfdxxgxf

dxxfdxxfdxxfdxxfxfxf

dxxgxdxfdxxgxf

dxxfadxxfa

Ckxdxkkdx

nn

http://www.abbyy.com/buy
http://www.abbyy.com/buy


168

  :         )(xf         ],[ ba     n  

             )( x          

   )(xf ax bx:
b

a

b
a

n

i
in

aFbFxFdxxfxxf )()()()()(lim
1

 a   b  .

  :

dxxf
ab

cfabcfdxxf

abMdxxfabm

dxxgdxxfxgxf

dxxfdxxfdxxf

dxxgdxxfdxxgxf

dxxf

dxxfdxxf

dxxfkdxxfk

abCdxC

b

a

b

a

b

a

b

a

b

a

b

c

c

a

b

a

b

a

b

a

b

a

a

a

b

a

a

b

b

a

b

a

b

a

)(1)())(()(

)()()(

)()()()(

)()()(

)()()]()([

0)(

)()(

)()(

)(

http://www.abbyy.com/buy
http://www.abbyy.com/buy


169

1 -          :  f  ba,  x  

  :

dttfxF
x

a

)()(

  fba,      ],[,)()( baxxfxF.

2-     :   )(tF   )(tf   ba,

     :

)()()( aFbFdxxf
b

a

    )(uF    )(uf          )(xgu           

 x         :

duufdxxgxgf )()())((

    )(xf  ],[ ba  )(xgufF  .

 dxxgdu )('   :

duufdxxgxgf
bg

ag

b

a

)()())((
)(

)(

    dxxgxfxf )()()(   )(xg              

     uxf )(vxg )(            

  :

uvvuvu )(

   uv       :

vduvuudv  dxvuvudxuv

http://www.abbyy.com/buy
http://www.abbyy.com/buy


170

           .

  uv  ba,     » 

   «                     :
b

a

b

a

b

a

vduvuudv   
b

a

b

a

b

a

dxuvvudxuv

http://www.abbyy.com/buy
http://www.abbyy.com/buy


171

   
1-      :

dxxlxdxkdxxxxj

dxxxidxxxhdx
x

g

dxxxfdxxedxd

dx
x

cdxxxbdx
x

a

2

1

2

0

2

2

23

3

2

23
0

2

236

6

2

2

1

52
3

1

3

0

4

2
2

4

4

42
4

0
2

)sin)]43
2
1[)

)()]
34

[)
cos

1)

)())4)

1)]
8
12[)

1
1)

2-      :

dxxxldx
x
xf

dx
xx

xxkdx
x
xe

dx
x
xjdxxd

dxxidxxxc

dx
x

xxhdxx
x

x
x

xb

dxxgdxxxa

)143()
1

)1()

)1)(1()
sin2

2sin)

2
)sin)

32))21()

83)]24[)

)]8[sin)

2
2

3

3

2

22

2

2
3

4
5

5 33

3-        :

dxx
2

1

)32(

x

y

01

1

2

7

A
B

D

C

http://www.abbyy.com/buy
http://www.abbyy.com/buy


172

4-        :

4 3

2
223

743

1

0

323

7

2

0

32

2

0
2

2
)3)2()

)34()2)

)1())63()

)10(
1)

2
2)

9)53)

)23(
))12cos(3)

x
dxxldxxxf

dxxkdxxxe

xdxxjdxxd

dx
x

i
x

dxc

dxxxhdxxb

t
dtgdxxa

5 -       :

dxxee

dxexidxxxd

dxxehdxxec

dxexgdxxxb

dxxxfdxxxa

x

x

xx

x

)

)3cos)

3sin)cos)

)cossin)

1)cos)

2
2

0

2

22

0

http://www.abbyy.com/buy
http://www.abbyy.com/buy


173

 
     

http://www.abbyy.com/buy
http://www.abbyy.com/buy


174

x

y

)1,0(

)0,1(

http://www.abbyy.com/buy
http://www.abbyy.com/buy


175

  
                    

 

    

   )(   

 xblog   x
x

x
1

0
)1(lim  

      )(xfy  

        :

  xxf ln)(xaxg )(  aaxg x ln)(' 
x

xf 1)('

.

:
1-

axLnay
axgy

x

x

lnln
)(

 : x     

aaxgayy

ay
y

a
y
y

axax
y
y

x ln)('ln'

ln'1

0ln'

)'(lnln''

x

y

)1,0(

)0,1(

http://www.abbyy.com/buy
http://www.abbyy.com/buy


176

2-

h
x

h

hhh

hh

x
h

x

x
h

h
x

xx
h

hx
hx

h
x

h
x

hx

h
xhxx

xxf

)1ln(lim1

)1ln(lim1)1ln(1lim)ln(1lim)'(ln

ln
limln)ln(lim)'(ln

ln)(

0

000

00

  
h
xu   

ux
h 1.    0h     u  

 .    :

u

u

u

u uxux
x )11(limln1)11ln(lim1)'(ln

  e
u

u

u
)11(lim:

x
e

x
x 1ln1)'(ln.

1- xxf alog)(      e
x

xf alog1)('.

2- )(log)( xgxf a)(xg  :e
xg
xgxg aa log
)(
)('))'((log.

:
1-

h
x

uaa

ahahahah

aa
x

aa

x
h

x
x

x
h

xx
h

h
x

xx
h

hx
hx

h

h
xhxxf

e
x

xfxxf

h
x

)1(limlog1)'(log

)1(loglim1)1(log1lim)1(log1limlog1lim

log)(loglim)('

log1)('log)(

0000

0

  u
h
x  

ux
h 1   0hu :

e
xux

x a
u

haa log1)11(limlog1)'(log
0

http://www.abbyy.com/buy
http://www.abbyy.com/buy


177

2–                     :e
xg
xgxg aa log
)(
)('))'((log

     :

e
xg
xg

xge
xg

xgxgxgxf

a

aaa

log
)(
)('

)('log
)(

1)('))'((log))'((log)('

ea  :
)(
)('))'((ln))'((log

xg
xgxgxga

1 -  lExponentia          :

  xey        xey            xey   

    :

x

x

eyy
y
yxy

xexyey

1'1')'()'(ln

lnln

2 - uey u x  :xeuy ''

3 -uay1a  :aauy u ln''

4-            :

au
u

a
uy

au
ue

u
uy

e
u
uuyuy

e
a

aaa

ln
'

ln
)'(ln'

log
1'log''

log')'(log'log

1: )1ln()( 2xxf .

: 1)( 2xxg  :

1
2))'1(ln()('2

1
1

1
)'1())'1(ln(

)(
)('))'((ln

2)('
1)(

2
2

22

2
2

2

x
xxxfx

xx
xx

xg
xgxg

xxg
xxg

http://www.abbyy.com/buy
http://www.abbyy.com/buy


178

2: )45ln()( 2 xxxf .

:

)(
)('))'((ln

45
52

)(
)('))'45((ln52)('45)(

)45(ln)(

2
22

2
xg
xgxg

xx
x

xg
xgxxxxgxxxg

xxxf

3: 
1
1log)( 2

2

x
xxf a 

1
1ln)( 2

2

x
xxf .

 : 2
1

2

2

2

2

)
1
1(log

1
1log

x
x

x
x

aa    :

e
x

x
xx

exe
x

xe
x

x

e
x
xe

x
x

xx
x
x

xx
x
x

x
x

x
x

a

aaa

aa

aaa

aaaaa

log
1

2
1

1
1

1log2
2
1log

1
2log

1
2

2
1

]log
)1(
)'1(log

)1(
)'1([

2
1

))1(log)1((log
2
1)

1
1(log

))1(log)1((log
2
1

1
1log

2
1)

1
1(log

1
1log

4

2222

2

2

2

2

22
2

2

22
2

2
2
1

2

2

2

2

: 2
1

2

2

2

2

)
1
1ln(

1
1ln

x
x

x
x    :

1
2)

1
2

1
2(

2
1

]))1((ln))1([(ln
2
1)]'1(ln)1([ln

2
1)

1
1(ln

))1(ln)1(ln(
2
1)

1
1ln(

1
1ln

422

2222
2

2

222
1

2

2

2

2

x
x

x
x

x
x

xxxx
x
x

xx
x
x

x
x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


179

4 - )1( 2xey  .

:   uey  :ueuy ''.
112)1( 222

2)'1(' xxx exexyey
5 -  xy 2   :

:   uayaauy u ln''
x

u 1 :

2ln212ln2)'1(')2(2
1

2

11
xxxx

xx
yy

6: xxy 2 .

:       :

x

x

x

xxyyxy
x

xx
y
yxxy

xxy
xy

xy

2

2

2

)1(ln2')1(ln2'

12ln2')'ln2()'(ln

ln2ln
lnln

7: xy 10 .

: aayay xx ln' :

10ln10'
10

x

x

y
y

8: xey 3 .

: xu 3  :3'u

x

xu

u

ey
euey

ey

3

3

3'
3''

9 :    .

12log)3)(loglog)2)1log()1 123
4

2 xyxyxy x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


180

:                            

:

)1ln(
)1ln(

)1(log
)1(log12log)3

ln3ln
1

2ln
ln3ln2ln

1

2log
log3ln2ln

1
log)3)(ln2(ln

1
log3ln

2ln
1

log3ln
)'(log')(loglog)2

10ln)1(
4')1log()1

ln
'

log
'log')'(log'

log

2

2

2

2

1

222

2
23

4

3
4

2 x
x

x
xxy

xxxxxx

xxx
x

x
xyxy

x
xyxy

au
u

au
ue

u
uuy

uy

e

e
x

e

e

e
aa

a

 2
'''

v
uvvuy

v
uy   :

22

2
2

2
2

)1ln(

)1ln(
1

2)1ln(
1

2

'
x

x
x

xx
x

x

y

   .

x
x

ex
xxyfxyxfe

xxfdxxxfc
xxfbxxfa

3

2

2
10

2

2

)4(
)1()1())()

3log)())565(ln)()
73ln)()3sinln)()

http://www.abbyy.com/buy
http://www.abbyy.com/buy


181

   
      

  f   g                )()( ygxxfy     

dy
dxdx

dy 1 
y

x x
y

'
1'           :

y
xyxyyx x

yxyyxy
ygx
xfy

'
1'1'''''

)(
)(

:  xay         .

:

aay

aya

y
e

y
yx

y

yxay

x

ee

a
ay

x

a
x

ln'

loglog1
1

log1
1

)'(log
1

'
1'

log

   
          :

22

22

1
1)'cot()4

1
1)'(arctan)3

1
1)'(arccos)2

1
1)'(arcsin)1

x
xarc

x
x

x
x

x
x

x

y

http://www.abbyy.com/buy
http://www.abbyy.com/buy


182

:

yy
yy

y

y
yx

yxarc

yxxarcy
x

x

yyyx
y

xarc
yxxarcy

x
x

yyyx
y

dy
dxdx

dy
xarc

yxxarcy

y
x

y
x

y
x

22

22

2

2

2

2

2

2

cossin
cos

1
cos

cos

cos
1
1

)'(tan
1

'
1')'tan(

tantan)3
1

1)'(arccos

cos1
1

sin
1

)'(cos
1

'
1'

?)'cos(
coscos)2

1
1)'(arcsin

sin1
1

cos
1

)'(sin
1

'
1'

1
?)'sin(

sinsin)1

: y2cos     

2

2222

2

1
1)'(arctan

1
1

1tan
1

cossin
cos)'tan(

x
x

xyyy
yxarc

http://www.abbyy.com/buy
http://www.abbyy.com/buy


183

yy
yyy

y
yx

yxarc

xarc
yxxarcy

y
x

22

22
2

2

cossin
sin

1
sinsin

sin
1

1
)'(cot

1
'
1')'cot(

?)'cot(
cotcot)4

: y2sin     

2222

2

1
1

cot1
1

cossin
sin

xyyy
y

1:  5)(arctan xy   .

:

2
44

1
1)(arctan5)'(arctan)(arctan5'
x

xxxy

2 :  )tan(log5 xarcy   .

: uxarc tan   :

)5ln)(arctan1(
1

logarctan
1

1
log

'')(log')(arctanlog'

2
5

2

5
55

xxex
x

eu
uuxy

 3 :   xey arctan 0x  .

 : ue x xeu':

2
1

11
1

1
)0('

11
')'tan('tan'

0

0

22

e
ey

e
e

u
uuarcearcy x

x
x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


184

    .

)cos(log)2
)sin()1

2

3

xarcy
xarcy

http://www.abbyy.com/buy
http://www.abbyy.com/buy


185

 
    :

                
1

2
x1

1
2x

  
1
12

2x
x .            

1
2

x1
1

2x
  

1
7,

2
5

xx
 

5
2

x
   .

         .

         .

      :

:                           

           .

          :

:

 
)(
)(

xP
xP

n

m  )(xPn                      

       :

nn

m

xx
N

xx
C

xx
B

xx
A

xP
xP

321)(
)(

)ABC ,, .... (

1:
1074

394
23

2

xxx
xx     .

 :         :

)2)(1)(5(1074 23 xxxxxx

1
12

1
1

1
2

22 x
x

xx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


186

                                 

ABC ,,  :

)2)(1)(5(
)5102()63()(

)2)(1)(5(
561032

)2)(1)(5(
)5)(1()2)(5()2)(1(

2151074
394

2

222

23

2

xxx
CBAxCBAxCBA

xxx
CCxCxBBxBxAAxAx

xxx
xxCxxBxxA

x
C

x
B

x
A

xxx
xx

          .    

   )     (  :

395102
163

4

CBA
CBA
CBA

    2,3 AB 1C :

2
1

1
3

5
2

1074
394

23

2

xxxxxx
xx

2:
82

12063
2

23

xx
xxx     .

:                              -

:

)2(2
3

)4(2
53

82
12063

2
3,

2
5

142
4

82
)42()(

)2)(4(
)4()2(

2482
14

82
143

82
12063

2

22

2

222

23

xx
x

xx
xxx

BA
BA

BA
xx

BAxBA
xx

xBxA
x

B
x

A
xx

x
xx

xx
xx

xxx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


187

 :
                                    

0xxn     :

n
n

m

xx
N

xx
B

xx
A

xP
xP

)()()(
)(

0
2

00

1: 
254

263
23

2

xxx
xx      .

:      :

223

2

2

2

2

2

22

2

23

2

23

)1(
1

1
1

2
2

254
263

1
1
2

222
632

3

)1)(2(
)22()32()(

)1)(2(
)2()1)(2()1(

)1()1()2()1)(2(
263

254
263

)1)(2)(1(254

xxxxxx
xx

C
B
A

CBA
CBA

BA

xx
CBAxCBAxBA

xx
xCxxBxA

x
C

x
B

x
A

xx
xx

xxx
xx

xxxxxx

:
                           

 
)(
)(

xP
xP

n

m   
cbxax

BAx
2 .

1:
463

985
23

2

xxx
xx      .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


188

:     :)42)(1(463 223 xxxxxx

     422 xx                

 :

463
)4()2()(

463
)42()1)((

142463
985

23

2

23

2

223

2

xxx
CBxCBAxCA

xxx
xxCxBAx

x
C

xx
BAx

xxx
xx

1
2

42
13

463
985

223

2

xxx
x

xxx
xx

2
1
3

C
B
A

94
82

5

CB
CBA

CA

       :

1-

39
43782)

42
834)

562
122) 2

234

3

2

23

2

xx
xxxxc

xx
xxb

xxx
xxa

2-

xxx
xxe

xxx
xxd

xx
xc

xxx
xxb

xx
a

96
36183)

842
1053)

)1(
1)

254
263)

)1(
1)

23

2

23

2

2

4

23

2

4

3 -

1
)

5
1013)

12
43)

)4)(1(
73)

4

5

23

2

24

2

22

x
xd

xx
xxc

xx
xxb

xxx
xa

http://www.abbyy.com/buy
http://www.abbyy.com/buy


189

  
                                   .

 xaxf )(  

      

 cxalog  

       :

  xexf )(  :Cedxe xx       :

)1,(
ln

aIRaC
a

adxa
x

x

:     :

c
a

adxa
a

aa
a

u
a

du
aau

duudxa

au
du

aa
dudx

dxaadu
au

x
x

x
x

x

x

x

x

lnlnln
1

ln
1

ln
1

ln

lnln

ln

ba
xb

x
alog

http://www.abbyy.com/buy
http://www.abbyy.com/buy


190

:32)( xxf .

:      :

Cdx

dxdxdx

x
x

xxx

x
x

x

2ln
2

8
12

8
1

2
8
12

8
12

2
8
1

2
22

3

3
3

2 :       .

?6)2?3)1 11 dxdx xx

:

Cdxdx

dx

Cdxdx

dx

x
xx

x
x

x

x

x
xx

xx

x

6ln
6

6
16

6
16

6
1

6
6
1

6
66

?6)2

3ln
333333

333

?3)1
1

1

1

1

       .

dxidxhdxg

dxfdxedx
a

d

dxacdxbdxa

x
x

xx

x

x

x

x
xx

x

bxxx

)21()
2

35)
2

4)

3
2)32)1)

)2)3)

3

1

http://www.abbyy.com/buy
http://www.abbyy.com/buy


191

  
                

    .

    
ybxxy blog  

      

       :

 )(,ln)( IRxxxf      :

Cxxxdxx lnln

       :)1,,(log)( aIRaxxxf a

e
xxdxx aa loglog .

:

1 - ea :

CxxCxxxdxx

exx
e
xxxdxdxx

C
e
xxdxx

eeee

aa

)1(lnlnln

)log(logloglnlog

loglog

?dxa

ay
x

x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


192

2-

C
e
xxdxx

C
e
xxexxexxx

dxexx

dxe
x

xxxdxx

xvdxdv

dxe
x

duxu

C
e
xxdxx

aa

aaaaa

aa

aaa

aa

aa

loglog

log)log(logloglog

loglog

log1loglog

,

log1,log

loglog

:xdx3ln  :

:

)13(ln)ln3(ln
ln3ln

ln3ln)ln3(ln3ln

xxxxx
xxxx

dxxdxdxxxdx

:
I -  Substitution   .

1 :   :

:

CxCu
u
du

u
duI

dudx
dx
duux

x
dxIb

CeCeduedueI

dudx
dx
duux

dxeIa

xuuu

x

2ln2ln222

1,2

2
2)

4
1

4
1

4
1

2
1

2
1

2
1,2,32

2
1)

32

32

http://www.abbyy.com/buy
http://www.abbyy.com/buy


193

2:xexf 2)( .

:    :

CeCeCedxe

dueduedxxfexf

dudx

dxduxu

dxedxxfexf

x
xu

x

uux

xx

2
2

2

2

22

2
1

22

2
1

2
)()(

2

22

?)()(

:)(2
2
1)('

2
1)( 222 xfeexFCexF xxx

3: 2ln)( xxxf  .

:

Cxxx

CuuuCuuuduudu
x

uxdxxf

duxdxdxxdu

xu

dxxxdxxfxxxf

222

2

22

2
1ln

2
1

2
1ln

2
1ln

2
1ln

2
1

2
1ln)(

2
12

?)ln()(ln)(

II-     :

1: 
1

1

2 dxe x  .

627.3
2
1

2
1

2)1(22,1
2)1(22,1

2
122

)(

2

2

2
2

1

1

2

1

1

22

uux

xx

eduedxe
uxux
uxux

dudxdxduxu

dxeexf

2: dxxxxf
2

1

2ln2)( .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


194

545.211ln144ln4ln

ln
2
1ln2ln2

4,2
1,1
2
12

4
1

4

1

4

1

2

1

2
2

2

2

uuu

ududu
x

uxdxxx
xux
xux

du
x

dxdxxdu

xu

    :

2

1
42

3

4)1log3)

2
log)ln)2ln)

dx
e

edx
x

d

dxxcdxxbdxxa

x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


195

    
     .

         .  

           :

1:dx
xx

x
86

127
2  .

:     :

4
8

2
1

86
127

187
8162

12228
122428
122)7(4

7
1224

7
)4)(2(
24)(

)4)(2(
24

)4)(2(
)2()4(

)4()2(86
127

2

2

xxxx
x

A
BB

B
BB
BB

BA
BA

BA
xx

BAxBA
xx

BBxAAx
xx

xBxA
x

B
x

Adx
xx

x

   :

C
x
xxx

CxxCxx

dx
x

dx
x

dx
xx

x

dx
x

dx
x

dx
xx

x

2
)4(ln)4()2(ln

)4ln()2ln(|4|ln8|2|ln
4

18
2

1
86

127
4

8
2

1
86

127

8
81

81

2

2

)1(
?

)2(
?

23
5

2 xxxx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


196

2 :dx
xx

x
6

95
2  .

:     :)3)(2(62 xxxx

:

9523
55

9523)(
)3)(2(
23)(

)3)(2(
23

)3)(2(
)2()3(

32)3)(2(
95

6
95

2

xBA
BABA
xBAxBA

xx
BAxBA

xx
BBxAAx

xx
xBxA

x
B

x
A

xx
x

xx
x

 AB :

Cxxxx

xx

dx
x

dx
x

dx
x

dx
xxx

x

xxxx
x

A

B

B
B

BB

5
24

5
1

5
24

5
1

2

2

)3()2(ln)3ln()2ln(

)3ln(
5
24)2ln(

5
1

3
1

5
24

2
1

5
1

3
5
24

2
5
1

6
95

3
5
4

2
5
1

6
95

5
1

5
2425

5
245

5
24
245

9515
92)5(3

      :

dx
xx

xcdx
xx

xbdx
xxx

xa
23

)
56

2)
33

2) 24

6

223

http://www.abbyy.com/buy
http://www.abbyy.com/buy


197

  
 xexf )(   xexf )('.

 xaxf )(  aaxf x ln)('.

xxf alog)(    
ax

e
x

xf a ln
1log1)('.

 )(log)( xgxf a   e
xg
xgxg aa log
)(
)('))'((log.

  :                     

                          

.

 
)(
)(

xP
xP

n

m     )(xPn                

     :

nn

m

xx
N

xx
C

xx
B

xx
A

xP
xP

321)(
)(

                                    

0xx n     :

n
n

m

xx
N

xx
B

xx
A

xP
xP

)()()(
)(

0
2

00

                            

  
)(
)(

xP
xP

n

m    
cbxax

BAx
2 .

    :

)1,(,, aIRaC
Lna
adxaCedxe

x
xxx

     :

C
e
xxdxxCxxxdx aa loglog,lnln

      :

Cedxedxxfexf xxx )()(

http://www.abbyy.com/buy
http://www.abbyy.com/buy


198

  

1 -  )
2
2ln()(

x
xxf  

2 -  1ln)( xxf 

3 -  xxy 22 

4 -  3log)( xxf 

5 -       .

22

2

23

2

2 )1(
32)3

2
1)2

6
1)1

x
x

xxx
xx

xx
x

6 -   

dxxx

dx
xx

dxxe

xdxxdxexx

dx
x

xdtt

x

x

1

1

32

2

3
7

13)7

)2)(12(
5)6)5

sincos)4)sin5cos2()3

3)25)1

7–    .

xx ydeyc

xybxxya

2))

)ln(sin))1ln()
1

2

2

http://www.abbyy.com/buy
http://www.abbyy.com/buy


199

 

 

http://www.abbyy.com/buy
http://www.abbyy.com/buy


200

http://www.abbyy.com/buy
http://www.abbyy.com/buy


201

    
        Accounting of Area bounded by one Curve

         

                   

   .

 21 xy  :

)PointCritical(       x         

 .

             21 xy      x        

  .

       xxy 22  x      

     x  .

    :

_  )()()( aFbFdxxf
b

a

                

)(xfy x  ],[ ba .

 _    )(xf     ],[ ba        0)(xfy   

  )(xf          x. 0)(xfy  

 )(xf   x   .

o

http://www.abbyy.com/buy
http://www.abbyy.com/buy


202

1:  24 yx  y   .

 :   y  :

                            

             :

00'
02'4 2

yx
yxyx

 )0,4(4044,0 2 xxyxy

404,0 22 yyx
     )2,0(,)2,0(2y

   24 yx]2,2[  x       

      2:

3
32)

3
16(2)

3
824(2)

3
88(2]0)

3
224[(2

]
3

4[2)4(2)4(

3

2
0

32

0

2
2

2

2

A

yydyydyyA

2 :       2

2
11 xy  x  .

:       x   :

00

,
2
11 2

xy

xyxy

 )1,0(10
2
111

2
11,0 22 yyxyx

2,2

2,21
2
10

2
11,0

21

222

xx

xxxxy

   )0,2(,)0,2(

x

y

x

y

0
22

1

http://www.abbyy.com/buy
http://www.abbyy.com/buy


203

8853.1
3

24)
3

2226(

)
6

826(2)
6

)2(26(2)0
6

)2(2(2

)]
6
1[(2)

2
11(2)

2
11(

33

2

2

2
0

3
2

0

22

A

A

xxdxxdxxA

3:   32xy   x                 

  .

:                          x      

:

00
2'32

xy
xyxy

303,0 22 yxyx
)3,0(3y  

303,0 22 xxy
   )0,3(,)0,3(3x

   32xy     ]3,3[              

  x         

   2:

9247.62.102753.3

2.10
3
826.92.10)913.4(

3
2)7.1(6)7.1(

3
236)3(

3
2

)33)3(
3
1(2])03[3]0)3[(

3
1(2

)]3[]
3
1([2)3(2)3(2)3(

33

33

3
0

3
0

3
3

0

3

0

2
3

0

2
3

3

2
1 xxdxdxxdxxdxxA

y

7.137.13

3

)0,3( )0,3(

)3,0(

http://www.abbyy.com/buy
http://www.abbyy.com/buy


204

4:  xxy 32      

 x ]4,1[ .

 :       :

)
2
3(3)

2
3(3,

2
3

2
3,32032'

3

22

2

yxxyx

xxxy

xxy

 )
4
9,

2
3(),(,

4
9

2
9

4
9 yxy

 02"y  )
4
9,

2
3(       

 x :

3,0
0)3(
030 2

xx
xx

xxy

6
49

6
2722

2
9

3
11

2
4857

3
5465

2
2748273

3
2764271

2
27

3
27

2
48

3
64

2
27

3
27

2
3

3
1

)9
2
327

3
1()16

2
364

3
1()9

2
327

3
1()

2
3

3
1(

)])3(
2
3)3(

3
1())4(

2
3)4(

3
1[(

)]0
2
30

3
1()3

2
33

3
1[()])1(

2
3)1(

3
1()0

2
30

3
1[(

]
2
3

3
1[]

2
3

3
1[]

2
3

3
1[

)3()3()3(

2323

2323

4
3

233
0

230
1

23

0

1

3

0

4

3

222
321

A

xxxxxxA

dxxxdxxxdxxxAAAA

x

y

01 3 4
2
3

1A

2A

3A

1

4
9

1 2

)
4
9,

2
3(

http://www.abbyy.com/buy
http://www.abbyy.com/buy


205

5:                xxy 22    x   

]2,1[.

 :       x  :

122
022'22

xx
xyxxy

)1,1(1)1(212,1 22 xxyx  

 02y   )1,1(      

 x  :)1,1(

2,0
0)2(

02,0

21

2

xx
xx

xxy

      ]2,1[         ]0,1[    x  

]2,0[ x    :

3
8

3
4

3
4)

3
4()

3
4(

)
3
128()

3
31()4

3
8()1

3
1()0)4

3
8(())1

3
1(0(

]
3
1[]

3
1[)2()2( 2

0
230

1
23

0

1

2

0

22 xxxxdxxxdxxxA

x

y

1 2
1

1

0

http://www.abbyy.com/buy
http://www.abbyy.com/buy


206

1 -       xy sin  x   

]2,2[ .

2 -            

13xy   y    1y   2y

    

3 -        
xx

xy
1

2
2

 x   

0x 1x  .

x

y

1
1

2
2y
1y

http://www.abbyy.com/buy
http://www.abbyy.com/buy


207

      
Accounting of area bounded by two curves
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Accounting of rounding things Volume
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Accounting the Length of Arc

              

     )(xfy     ],[ ba  

  AB       .

],[ ba        1x 2x  1M 2M .

  1M     2M        

     H.

      HM1   xHM 2  y         

  21 MHM      .

              

21 MHM    :

:      21 MHM :

22
21

222
21

)()(

)()()(

yxMM

yxMM

x

y

A

1M
2M B

y

x

a

H

1x 2x b

http://www.abbyy.com/buy
http://www.abbyy.com/buy


218

    :

ttgtfMM

ttgttfyxMM

ttgyttfx
t
ytg

t
xtf

22
21

2222
21

)]([)]([

])([])([)()(

)(,)('

)(',)(

   :

dttgtfL

ttgtfL

b

a

n

in

22

1

22

)]([)]([

)]([)]([lim

:  222 ryx  .

:     
try
trx

sin
cos

 t0      :

rrrtrP

dtrdtttrP

dttrtrP

dttrtrP

trytrx

dtyxP

)0(][

)cos(sin

cossin

)cos()sin(

cos,sin

0

0 0

2222

0

2222

0

22

0

22

r2

  

x

y

r

t
tr cos

tr sin

o

http://www.abbyy.com/buy
http://www.abbyy.com/buy


219

dudx

dxdu

xu

9
4
4
9

4
91

:
1-       )(xfy   bxa            

x     :
b

a

dxxfL )(1 2

:   2
3

)( xxfy 40 x.

2
1

2
3)( xxf 2

3

)( xxf

  :

)11010(
27
8

)110(
27
8]1)4

4
91([

27
8])

4
91([

27
8

][
27
8][

3
2

9
4]

1
2
1

[
9
4

9
4

9
4

4
91

)
2
3(1)(1

334
0

3

4
0

34
0

2
3

4
0

1
2
1

4

0

2
14

0

4

0

4

0

22
1

2

L

x

uuu

duuduudxx

dxxdxxfL
b

a

2-       )(yfx   bya             

y     :
b

a

dyyfL 1)(2

:  2
3

)( yyfx   41 y .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


220

 :

]
64

21971010[
27
8])

4
13(1000[

27
8

9
4])1

4
9()10([

27
8

4
9])1

4
9([

27
8][

3
2

9
4

1
4
9

9
41

4
9

1)
2
3(1)(

2
3)(,)(

3

33

4
1

34
1

2
3

4

1

4

1

4

1

22
1

2

2
1

2
3

dudy

dyduyu

yuduudyy

dyydyyfL

yyfyyf

b

a

1 -   2tx3ty21 x.

2 -   2
3

2
1)( xxf 10 x .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


221

  
      

 )()()( aFbFdxxf
b

a

        

)(xfy x  axbx  .

  )(xf   ],[ ba    0)(xfy  

)(xf   x  0)(xfy    

)(xf   x     .

      
   )(xf    )(xg    :

b

a

b

a

b

a

dxxgdxxfdxxgxfA )()()()(

   )(xg   )(xf    :
b

a

b

a

b

a

dxxfdxxgdxxfxgA )()()]()([

 :
    )(xfy   ax bx    

             x  

         .         abx    

                                   

         xrxA ,)( 2                   y  ry

              :
b

a

b

a

b

a

n

innn
dxxfdxydxrxxAVv 222

1
])([)(limlim

      )(yfx     cy dy           

   yryA ,)( 2  cdy  rx.

                              :
b

a

b

a

b

a

n

innn
dyyfdyxdyryyAVv 222

1

])([)(limlim

http://www.abbyy.com/buy
http://www.abbyy.com/buy


222

  :

 :dttgtfL
b

a

22 )]([)]([

2()('1

1()('1

2

2

dyyfL

dxxfL

b

a

b

a

  
1 -     052 xy y  .

2-         xy sin  x   ]2,0[     

 .

3-      xxy 22 26 xxy   .

4-       342 xxy  x .

5-      xxxy 86 23 xxy 42 

 .

6-                           xxy cossin

0x 
2

x  x   .

7-             2
4
1 2xy  x  ]4,0[   

.

8-        2xy  

222 yx  x   .

9-           1
2
1 xy x  ]6,2[     

 .

10-  4xy  22 x .

11-   
3
4

3
4 xy 52 x  .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


223

 

http://www.abbyy.com/buy
http://www.abbyy.com/buy


224

  .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


225

           

           

  

                            

     

  nxxx ,...,, 21                )()( ii xfxXP        

       .

        1k 2k   )(xf  

   .

x

)(xf

1k 2k

2

1

x
x

)(
)(

2

1

xf
xf

S IR

f

http://www.abbyy.com/buy
http://www.abbyy.com/buy


226

       
2

1

2 )()(,)(
i

iiiii xfxxxExEx

)()( 2
iii xfxEx  .

5.05.0)(
10

i

i

xf
x

       :

-                            

           .

-)()( ii xfxXP         

)(,,...,)(,,)(, 2211 nn xfxxfxxfx  ) (.

-        )()( xXPxF .

  )(xf       x               x   

1k 2k    :

2

1

)()( 21

k

k

dxxfkxkP

 x    21 kk   :

)()()( 1221 kFkFkxkP

 x      )( ValueExpected 

 x  )(xE    :

)()(.........)()()(
1

2211 i

n

i
inn xfxxfxxfxxfxxE

http://www.abbyy.com/buy
http://www.abbyy.com/buy


227

)(xEx    x         x  

             x      2S     

 :

)()(
2

1

2
i

n

i
ii xfxExS

:                                 

        .                  

             .

:       .

:        2.0    8.0  

    )( ValueExpected     

 x  .

:
:      :

  

 

    

http://www.abbyy.com/buy
http://www.abbyy.com/buy


228

:            x           

       :

360.192.11.0

4.4
488.152.044.77

872.38.084.4
44.77)2.110(

84.4)2.11(
22.010

8.08.01
2.0
8.0

10
1

)()()()()()(

2

2

2

222

S

SxfxExSxExxfxxExfx iiiiiii

1 -              .

     200           

 

2 -  1000      .    

       0.003 .     

           :

a- 2

b -  2

c-  2

      .

   

   

 

http://www.abbyy.com/buy
http://www.abbyy.com/buy


229

     
       

160 100  .

               

 

         

          .

         

          

           7
              

    )      (.

   m  n )nm (       

    .

  m ) (n   P  mn  

) (    q    m      n 

   

  5 4 .       . 

 )  ( T  )  ( F   .

         

                

       .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


230

         mmmm qPPPmXP 11)1()(    .  

P       Pq 1            n    

                 P      

q m   n   :

nmqPmXP mnmn
m 0)(

     ),,( pnmB  .

          npx  

     qpnS .

1:                4.0     15         

    5      34 .

:15,5,6.01,4.0 nmPqP :

19.0)43(

12677574.00633879155.0
24

04261776.3
6

380327493.0

)000092876.0(
24

3270)0001393141.0(
6

2730

)0036279706.0)(0256.0(
)!415(!4

!15)0021767823.0)(064.0(
)!315(!3

!15

)6.0()4.0)(15
4()6.0()4.0)(15

3()6.0()4.0(15)43(

1859.0
120

312554264.22

00006191.0
120

36036000060466176.001024.0
)!515(!5

!15

)6.0()4.0(15
5)5(

4154315315
4

3

105

mP

imP

qPn
mmP

ii

i

mnm

1-   200      4   :

    .

    .

     .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


231

  
            P           

 n          

    

 5,1.0 np2m 
!

)(
m

emXP
m

  

np     mnmqPn
mmXP )(                  

        

     m n  n 

   P     .

      m  n  :

!
)(

m
emXP

m

   np 71828.2e.

           .

:     200            .            

   01.0   3  

:  »«      200n    

  01.0p       :

!
),()3

!
),,(lim)2

),,()1

x
exP

x
epnxb

qpx
npnxb

x

x

n

xnx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


232

1804.0
6

08268.1
6

813533.0
6

8
3890461584.7

1

6

8
)71828.2(

1

!3
2)71828.2()3(

201.0200
!

)(

232

P

pn
m

emXP
m

          :

1814.0)099.0()01.0(
!197!3

!200

)099.0()01.0(200
3)3()3(

99.0
01.0

200

)(

1973

32003XPP

q
p
n

qPn
mmXP mnm

                .        

     .

:                     

    :

!
)()(

m
temXP

mt

    t                                   .m

  t  .

    .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


233

:          60       

         

:

168032.0
24

03278.4
24

81
0854.20
1

1234

81
)71828.2(

1

!4
)3()71828.2(

!4
)3(

!
)()4(

3
20
160,4

20
1

60
3,60

34343e
m

temP

tm

t

mt

http://www.abbyy.com/buy
http://www.abbyy.com/buy


234

 
-                      

   .

_              

)       (     

 

       .

            :

 

 

 

x

x

x

y

y

y

5AS

10BS

A

B

50BA xx

50Cx 80Dx

C D

10CS 10DS

E

10ES

F

5FS

50Ex 80Fx

http://www.abbyy.com/buy
http://www.abbyy.com/buy


235

            :

          AB           

    C D     

   E F      

      :

                   .    

               )(xf      

:

2)(
2
1

2
1)( s

xx

e
s

xf

),,()( sxxNxf

  e  71828.2   14189.3x s 

  x     )(xf    .

             .             

     .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


236

) :(

           .

          46                     1980

  .

       .

         )      ( 46      

                                   

        .                  

  46        .

   )  1 1.2     ( 

174.02.0870.0      
46
4  .  8    1  1.2  

.

0.00.0
5.0 1.0 5.1 0.2 0.2 0.3

2.0

4.0

6.0

8.0

0.1

2.1

http://www.abbyy.com/buy
http://www.abbyy.com/buy


237

     .  ABCD ,,, E       

 

A B C D E

http://www.abbyy.com/buy
http://www.abbyy.com/buy


238

        
    :

             )(xfy

   

      x              x       s

             1x  2x           

.

         

      x   
s

xxz    )(xf

 

        

x

y

0 2 31123

?
?

s
x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


239

        41x   53x         50x      

5s    
s

xxz   

     :

              x  1x   2x               

           x                      1x  2x  

    :

2

1

22

1

2

1

),,(

2
1)()(

)(
2
1

21

x

x

s
xxx

x

x

x

dxsxxN

e
s

dxxfxxxf

                                  

                                 

 .                       

 .

                 x           

   .

s
xxz

 z           

  .

5x 53x41x

1x x 2x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


240

                   z                    1

 .                           .

                               

  
s

xxz    :

2

1

2
2

1

)1,0,(
2

1)( 2
21

z

z

zz

z

dzzNdze
s

zzzf

  x    1xx 2xx        

    z   1zz 2zz    .           

                    

.

            .

                          .

           .           

                z             

   z.

1z 0 2z
z

0 z

)0( zzP

http://www.abbyy.com/buy
http://www.abbyy.com/buy


241

)1(
0 1z

z

http://www.abbyy.com/buy
http://www.abbyy.com/buy


242

)2(
0

1z
z

http://www.abbyy.com/buy
http://www.abbyy.com/buy


243

  56.1z        z 1.5. 

           0.06    

0.9406         0z 56.1z.

  :9406.0)56.10( zP

1:              952          

    .                     952          

4  .

  952 956     

:z   x:

1
4
4

4
952956

0
4
0

4
952952

2

1

z

s
xxz

   x 952 956   z 0 1.

      )2 ( 3413.0)10( zP              952

  956                  13.34           952

956  .

3413.0
5000.08413.0
)0()1(

)()()10( 12

PP
zPzPzP

3413.0

952xx 
z 0 1

http://www.abbyy.com/buy
http://www.abbyy.com/buy


244

2:                   70      

8.        54 84   .

:           :

 54x:2
8

7054
1z

 84x:75.1
8

7084
2z

                                

)2( :

9599.0)75.10(
4772.0)20()02(

zP
zPzP

      .

4827.04772.09599.0)02()75.10( zpzP

 1        948 956  

.

70x54x
2z

84

0 75.1

http://www.abbyy.com/buy
http://www.abbyy.com/buy


245

»      «     

     12        

                                   

 

              

                            

  

           

         :

  :        .

  :     )Code(  .

  :       .

  :           

  .

    )    (  .

n

N

?nN

http://www.abbyy.com/buy
http://www.abbyy.com/buy


246

    )    ( .

           .

  nxxx ..., 21       x   

   )(...)()(),...,,( 2121 nn xfxfxfxxxf  .

:          5       7     .  5   

   )     (.

             .

:       12 , xx   3x     .  1x       

                      .  

2x                                        

  .   3x                   

                            .          

 12 , xx 3x    .

 
12
5p   3,2,1i:1,0)

12
51()

12
5()( 1

i
xx

i xxf ii

        12 , xx 3x      

   :),,(),,( 332211321 xxxxxxPxxxf

                               

.

1-     25N     5     

     

2-       .

3-        

http://www.abbyy.com/buy
http://www.abbyy.com/buy


247

  
                  

      

       .         

       

     .

432

    .

        .

       )    (  

         .

    )   x ( .

   x  .

 x      .

      :

 nxxx ,....,, 21       )(xf   

     :

nnn
xf

xxxx n

1......11)(

......21

                                    

?1

n

x
n

i
i

http://www.abbyy.com/buy
http://www.abbyy.com/buy


248

 nx)( nxE

 nx21)(
n

xV n

 2

1

22 )(
1

1 n

i
in xx

n
SS

 22 )(SE

 
n

i
in x

n
x

1

1  2 2S.

:           :

3,2,1,
3
1)( xxf

: x .

 :    .

 :  x     x  .

 :)(xE)(xV  .

:

:
3
1

3
1

3
1)(

321

xf

x

:

3
22

3
14))(()(

3
14)321(

3
1)()(

2)321(
3
1)()(

2222

3

1

32222

3

1

xExE

xfxxE

xfxxE

x

x

x

http://www.abbyy.com/buy
http://www.abbyy.com/buy


249

:           :

35.225.225.125.11
)3,3()2,3()1,3()3,2()2,2()1,2()3,1()2,1()1,1(

x
   x   .

9
1

9
2

9
3

9
2

9
1)(

35.225.11

xf

x

 x   .

 :

3
1

2
3
2

)(

2)()(
3
14

3
13))(()()(

3
13

9
13

9
2)5.2(

9
32

9
2)5.1(

9
11)()(

2
9

18
9
13

9
25.2

9
32

9
25.1

9
11)()(

2

222

2222222

n
xV

xExE

xExExV

xfxxE

xfxxE

x

x

x

  :

9
3

1 5.1 2 5.2 3 x

y

9
2

9
1

http://www.abbyy.com/buy
http://www.abbyy.com/buy


250

1-           2,4,6 8    :     

                                  

          x            

 x  

http://www.abbyy.com/buy
http://www.abbyy.com/buy


251

  
        

   . 

x xS   

    

           
n

S           
1N
nN

n
S)  

N       n        s   (   

      

  nxxx ,...,, 21                          

   

      nxxx ,...,, 21         

  2          nn xxxS ...21

 

      :

      N    2    n  

           x                   

x 
nx

2
2   

n

xz  .

?
1

lim
N

nN
n

S
n

http://www.abbyy.com/buy
http://www.abbyy.com/buy


252

  
1N
nN   N  1     

n  1.

:                     71     

9 .    9    .             80

   .                

    80 .

: x       :

0013.09987.01)3(1

)3()

9
9

7180()80(

zP

zP

n

xzPzP

  1n:

1587.08413.01)1(1

)1()
9

7180()80(

zP

zPxPzP

: )(zP  )1(   .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


253

            

gr250    gr20 .           

 16n     gr240  .

http://www.abbyy.com/buy
http://www.abbyy.com/buy


254

  
   A  n  B   

       .        

    x        

      

x    :

nxpPn
xxf xnx ,,.........2,1,0)1()(

 Pnx
n
xP    x   )(Pf .

  
n
xP  x  n  nxxx ,...,, 21

P    

  x   n       P         

 :
n
xP   pnxE )()( ValueExpected qpnxV )(

  x.

      P  :

1.....,,2,1,0)1()( )1(

nn
PppnPf pnpnn

Pn

)( ValueExpected  P  :PPEp )(

n
pp

n
qpPVP )1()(2

    :

n
qp
pp

qpn
pnxz

http://www.abbyy.com/buy
http://www.abbyy.com/buy


255

:      3.0P .     6n   

 . x      x P .

: x    3.0P 6n.

6,...,1,0)3.0,6,()()( xxBxXPxf
            :

0007.00102.00595.01852.03241.03025.01176.0)(
6543210

xf
x

  P 0,
6
1,

6
2,

6
3,

6
4,

6
5 1  :

3025.0)1()
6
1(

1176.0)0()0(

XPPP

XPPP

          :)()( xXP
n
xPP

  P  :

0007.00102.00595.03241.03025.01176.0)(

16.56.36.26.10

Pf

P

  :9294.0)3.0,6,()3()6.3()6.0(
3

0x
xBxPxPPP

:4201.03025.01176.0)1()62.1()27.0( xPxPPP

1.                      7.0P

 . 200n         :

      P   05.0

      P  6.0.

http://www.abbyy.com/buy
http://www.abbyy.com/buy


256

  
               .

                               

              .

            

 x       )(xf.

)( ValueExpected   x    :

)())(()(

)()(

1

22

1

i

n

i
ii

n

i
ii

xfxExSxV

xxfxxE

 :mm PPmXP 1)1()(

 :mnm qPn
mmXP )(

    :qpnSpnx ,

           :

!
)(

m
emxP

m

   :                              

                           .  

    :
2)(

2
1

2
1)(

xx

exf

       .

             )(xf    ab    

 :
b

a

xb

a

edxxfbxaP
2)(

2
1

2
1)()(

http://www.abbyy.com/buy
http://www.abbyy.com/buy


257

    xz                         

 .

    :    .

                 :               

   .

         .

           x         )(...)()(),...,,( 2121 nn xfxfxfxxxf

.

  x                )(xf )( nxE   
n

xV n
1)(

2 2S.

          N       n              x  

    x 
nx

2
2    

n

xz.

  x       n       P    pq 1  

                              )( ValueExpected

  x   :
n
xPpnxE ,)( qpnxV )(

                    P    

 :

n
qpPV

n
qp
PPz

qPPfPPE PPnn

Pn

)(,

)(,)( )1(

http://www.abbyy.com/buy
http://www.abbyy.com/buy


258

  
1.             :

       .

        .

       .

2.        1.0P        

  400n   

3.     500      50    .

  10         8      

4.               

 .

              xsxsxsx ,,,2 sx 2    

                 h  x    .     

sx   h6.0    )6.0,( hsx.   

     sx  .  

sxsx 22        h   h15.0     .          

            h6067.0   h1354.0     h6.0   h15.0    

  .                                    

        .

5.          68    

 25 .           .

       68        

        

          .

      7  68         

6.              
2
1

     :

http://www.abbyy.com/buy
http://www.abbyy.com/buy


259

          .

  5       .

 36       .

7.             25
    0.5    :

     2.25 9.25 

       25   

 1000        24.07  

.

    24.56   

8.        90   25
 .      225 21000 

 

9.   %56  A.       50n 

 %60  A
10.    4.0P         A     4.0

      200n       .        100     

 A

http://www.abbyy.com/buy
http://www.abbyy.com/buy


260

 

http://www.abbyy.com/buy
http://www.abbyy.com/buy


261

http://www.abbyy.com/buy
http://www.abbyy.com/buy


262

   :
              1   2    

  .            

     

         

                             

         

        

              

       :

                     

      )countable (     

)uncountable(  .                 

                         

   .

1:           :

:   

:     8 12
: 3    30 

:     100   1000

:   3045.

http://www.abbyy.com/buy
http://www.abbyy.com/buy


263

:                           

          .

  2:                       .   

               

                        

                               

.

 :} t    0:{ tIRtS       t  

   .

 :
1-                         

                            

   .

2 -                      

 .

1 -              r            

                      

   

2 -                   

     .       

    

3 -                           4   

.

http://www.abbyy.com/buy
http://www.abbyy.com/buy


264

  
               

 1  5

      2   5     

 

         :

                

    

               

    

        

   

         

     

      :

                                      

 .

 :  }...,,{ 21 neeeS           }{ ie    ni ...,2,1

       1})({0,,...,2,1 iePni.

http://www.abbyy.com/buy
http://www.abbyy.com/buy


265

      :
n

i
in ePePePeP

1
21 1)(})({...})({})({

:4                  

  .

:     }d,c,b,a{S        
4
1  . 

:
4
1)()()()( dPcPbPaP

  }{,}{,}{ abc }{d  .

1 -               

                  0.30  

      0.26        

    

2 -                                    

   5.

654321 

1037897

3 -                          

  5   

WR

G B

http://www.abbyy.com/buy
http://www.abbyy.com/buy


266

 
               

        3       .

            

  1  

                                    

  

        A   

 S        

            A
 S 

         

      :

               

               .                

            .

                 x             x
 y   xy ,z  :

1:             )3,0 (       x        

 . 5.21 x 

A
S

60 60

60

A

B C

3

1

1

1

http://www.abbyy.com/buy
http://www.abbyy.com/buy


267

:             S  A       .   

      A:

2
1

3
5.1

03
15.2)(AP

2:               

    2    .       

     

:          a        
2
ar  

 . A =    S  .

62

)1(
3
4

3
4

)(

1
2
2

2

3

3

3

3

a

r
AP

ar

1 -         A   B               

0B2   3AO              d       A   B

  3 .

2 -                            

         .

A
B

0 1 2 5.2 3
x

A

S
B

r

http://www.abbyy.com/buy
http://www.abbyy.com/buy


268

 
  20                 

                 
  5     .

       15         4   
                   

        
    :

       

           

  2500  1600           .  70 

80                    

                           

 :

R :   .

M :  .

F :  .

   :

              

             

            

      :

                              

          .          

 :

http://www.abbyy.com/buy
http://www.abbyy.com/buy


269

)(
)(

)( MP
RP

RMP
R

RM

R
RM

R        

)(MPR                                  

  .

:   A  B    S  0)(BP   

    
)(

)()(
BP

BAPAPB          A         

B.

                             

:

     :

1 -   :)()()( APBPBAP B

      :)()()( APBPBAP B

)()()()()( APBPAPBPAP BB

)B(P

)B(P

B

B

)A(PB

)A(PB

)A(PB

)A(PB

A

A

A

A

)B(P
)BA(P)A(P,)BA(P B

)BA(P

)BA(P

)BA(P

http://www.abbyy.com/buy
http://www.abbyy.com/buy


270

2 -    :

)(
)()(

AP
BAPBPA

  )1(  :

)()()()(
)()()(

APBPAPBP
BPAPBP

BB

B
A

3-                12 ,,..., BBBn      

                                

 :

ni
APBP

BAP
APBPAPBP

BPAP
BP n

k
Bk

i

BnB

iB
iA

k
n

i ,...,2,1
)()(

)(
)()(...)()(

)()(
)(

1

1 1

)A(P

)A(P

A

A

)(BPA

)(BPA

)B(PA

)B(PA

B

B

B

B

)(
)()(,)(

AP
BAPBPBAP A

)( ABP

)( ABP

)( ABP

1B

2B

nB

A

A

A

)( 1BP

)B(P 2

)( nBP

)(
1

APB

)(
2

APB

)( AP
nB

http://www.abbyy.com/buy
http://www.abbyy.com/buy


271

:    %50                      %70

         .     %60        

 . :

A :  B : 

     A  B )A(PB 

:              :

%33.585833.0
6.0

7.05.0
)(

)()(
)(

BP
BPAPAP A

B

             

                  

 %33.58.

                                     

          )(BPA               

           )(BP
A

 .

5.0)(AP

A

A

7.0)(BPA

B

B

B

B

6.0)(BP

)(APB

)(APB

B

B

A

A

A

A

http://www.abbyy.com/buy
http://www.abbyy.com/buy


272

  
     A    B   

 A B   

 A B    S:

  A  B 

     )BA(              A   B     A    B

.

       )A(P)B(P B   .

        

        

       :

      S          A   B                

:)A(P)B(P)BA(P B

         :

)( BA BA

B A
)B(P )A(PB

)( BAP

)A(P)B(P B

)()()( APBPBAP B

http://www.abbyy.com/buy
http://www.abbyy.com/buy


273

        A B C   :

                              

    .

:          123 B,B,B             

                              

     

:      :

V:        .

iB :  iB-)i- (…i=1, 2, 3,    .

    iBi )3,2,1(           S          

.

1 -iB         .

   

 
   

35%33.2B1

22%46.5B2

30%20.3B3

A B)A(P )(BPA

)( CBAP

C)(CP BA

)()()()( CPBPAPCBAP BAA

1B 2B 3B

%35 %22 %30

http://www.abbyy.com/buy
http://www.abbyy.com/buy


274

2 -  S
3

1
321

i
iBBBBS  

3

1

)(
i

i VBV

      :

%94.272794.0
0609.01023.01162.0

3.0203.022.0465.035.0332.0

)()()()()()(

)().()()()(

321 321

3

1

3

1

3

1

VPBPVPBPVPBP

VPBPVBPVBPVP

BBB

i
Bi

i
i

i
i i

:       12 ,,...., BBBn       0)( iBP  ni ,...,2,1

     S .               

  A:)()()(
1

APBPAP
n

i
Bi i

                                     

        )Bayes (          

ni ,...,1   s 0)( iBP ni ,...,1 A 

0)(AP:

                         : Bayesn

k
Bk

Bii
iA

APBP

APBP
AP

BAP
BP

k

i

1
)()(

)()(
)(

)(
)(

                    2n    BB1  BB2   

    1B 2B S :

)()()()(
)()(

)(
APBPAPBP

APBPBP
BB

B
A

   2n.

http://www.abbyy.com/buy
http://www.abbyy.com/buy


275

:           A  B   C          %30   %30  %40   

    .             %4   %2   %5    

        :

a(       .

b(          C

c(        B 

:
a:(

b:(

%6.52526.0
038.0
02.0

05.04.002.03.004.03.0
05.04.0

)()()()()()(
)()(

)(
)()(

)(
)()(

DPCPDPBPDPAP
Dpcp

DP
DPCP

DP
CDPCP

CBA

cC
D

A

C

D

D3.0)A(P

B

D

D

D

D

04.03.0

02.03.0

05.04.0

)(%8.3038.0 DP

04.0)(DPA

3.0)(BP

4.0)(CP

96.0)(DPA

02.0)(DPB

98.0)(DPB

05.0)(DPC

95.0)(DPC

http://www.abbyy.com/buy
http://www.abbyy.com/buy


276

 c:(

95.04.098.03.096.03.0
98.03.0

)()()()()()(
)()(

)(
)()(

)(
)()(

DPCPDPBPDPAP
DPBP

DP
DPBP

DP
BDPBP

CBA

BB
D

%56.303056.0
962.0
294.0

38.0294.0288.0
294.0

    1000                      .   

                           6   .  

         

http://www.abbyy.com/buy
http://www.abbyy.com/buy


277

  
           

A   B    B  A  .

              

AB   .

    A B     

   A B  BA 

:      A B            

.)()()( BPAPBAP

 S     A B    S  .

                     A   B         

 )(APB )(AP   

   )( BAP  

       )()()()( BAPBPAPBAP     A 

B   

      :

1 :  A B    :

)  ()()()( BPAPBAP

2 : A B   :

0)( BABA
)   ()()()( BPAPBAP

)()()( BPAPBAP

http://www.abbyy.com/buy
http://www.abbyy.com/buy


278

1:                         

            :

H :     .

B :      .

            .

:          :

:)()( HPHPB  
)(

)()(
BP

HBPHPB  )()()( BPHPHBP

  :n    12 ,,.....,)2( AAAn n               

                               

         .

1:                                         

      BABAAB ,,   AB    A B  

  a   b            .  A B    A

 B A B  AB    .

 :

11
1)1)(1()()1()(

)1()()(

bb
abaBAPabBAPA

abaBAPbaBAPA
BB

2:   A B C      :

)()()()(
)()()(
)()()(
)()()(

CPBPAPCBAP
CPBPCBP
CPAPCAP
BPAPBAP

http://www.abbyy.com/buy
http://www.abbyy.com/buy


279

2:                              

   :

a-      .

b -         .

 :
A :    .B :    . :C     .

a(: 
2
1)(,

2
1

2
1

2
1

2
1

2
1)( APBP:

)()()( BPAPBAP
    A B  .

a( 
2
1)(,

2
1

3
2

2
1

3
1

2
1)( APBP

4
1

6
1

2
1

2
1

6
1

)()()( BPAPBAP

C :  A B  .

2
1

2
1

2
1

2
1

2
1

W

B

W

B

W

B2
1

2
1

3
1

3
2

3
2

3
1

W

B

W

B

W

B
2
1

http://www.abbyy.com/buy
http://www.abbyy.com/buy


280

3:     :

6.0?
??)(?)(
??)(12.0

BAPBAPA
BAPA

BB

: 6.0)B(P :

7.03.01)(1)(

3.0
4.0

12.0
)(

)()(

4.06.01)(1)(

APAP

BP
BAPAP

BPBP

    :

42.06.07.0)()()(

28.04.07.0)()()(

18.06.03.0)()()(

BPAPBAP

BPAPBAP

BPAPBAP

      .

      2,35 30          0.25   
          kA          

  k   23 , AA 5A      

http://www.abbyy.com/buy
http://www.abbyy.com/buy


281

  

 
                                 

         .

 
                                      

 .                   

       .

 
                              

  .     .

  
                           

                        

  .

 
  A   B      S    0)(BP     

    
)(

)()(
BP

BAPAPB        A           

B   .

   
  A B   :

)   ()()()( BPAPBAP

http://www.abbyy.com/buy
http://www.abbyy.com/buy


282

   
1-           

 :   

 :  

 :    

 :    

2-           L               

           3   .

3-                     8    8:50              

            8:15   8:30   8:45        .

         5   

4-     3,0      .       

    5   2.

5-                         3R    

 .           

6-       :

-  

- 

               0.088          1

    0.05                 0.002        

         

7-                          .          

              :

a(             .

b(           .

http://www.abbyy.com/buy
http://www.abbyy.com/buy

